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PEEFACE 


My earlier volume, Relativity^ Gravitation, and World-Struchire, was 
published in 1935. No sooner had it appeared than the subject under¬ 
went a rapid transformation, by which the merely kinematic results 
of the first volume were given a dynamical interpretation. In a series 
of eight papers published in the Proceedings of the Royal Society from 
1936 to 1938, and in other papers published in the 
Mathematical Society, the Astrophysical Journal, the Philosophical 
Magazine, the Proceedings of the Royal Society of Edinburgh, the 
Monthly Notices of the Royal Astronomical Society, and especially in 
a joint paper with Dr. G. J. Whitrow published in the Zeitschrift fur 
Astrophysih in 1938, I constructed on a kinematic basis a theory of 
dynamics, a theory of gravitation, and a theory of electromagnetism, 
isolated the two scales of time, and gave the work some philosophical 
interpretation. But no connected account of the general sequence of 
ideas in full detail has yet appeared, though an account of a sub¬ 
stantial portion of the work was included in Dr. Martin C. Johnson’s 
Time, Knoivledge, and the Nebulae (Faber and Faber, 1945). The 
present volume aims at linking together the various scattered re- 
searclies, but it is no mere summary of papers alreadj^ published as 
it contains a reworking of the whole theory and many new results, 
in particular the expression of the ^-equations of motion of a particle 
in Lagrangian form, and a novel application of the theory to photons 
which removes certain observational difficulties encountered by 
Hubble in his studies of the expanding universe. 

The present volume is a sequel, not a substitute. It contains so 
much of the earlier volume as is necessary to make the present volume 
self-contained, but I have nothing of the earlier volume to withdraw. 
I do not consider that the many criticisms to which the earlier volume 
and the various later research papers have been subject deserve any 
detailed reply, as they rest mainly on either misunderstandings or 
prejudices, and it has been my object to avoid any note of controversy 
in the present volume as far as possible. 

I should like to own my indebtedness to the work of Dr. G. J. 
Whitrow, whose helpful discussions of almost every point have been 
of great value. Dr. Whitrow has also contributed numerous original 
papers to the develoj)ment of the subject. He has done me the final 
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kindness of reading through the proof-sheets of the present volume. 
An independent development of some of the lines of thought here 
presented, with fuller mathematical rigour, has been given by 
Professor A. Q. Walker. Though I am not in agreement at all points 
with Professor Walker’s line of development, I have benefited greatly 
by reading his papers. 


WADHAM COLLEGE, OXFORD 

June, 1947 


E. A. M. 
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PAItT I 
KINEMATICS 
I 

THE IDEAS OF KINEMATIC EELATIVITY 

1, Origin of the investigations. Dynamics is the science of the 
description and theory of the motions of bodies. In order to describe 
the motion of a body, at least two concepts are necessary: the con¬ 
cept of a frams of reference and the concept of a scale of time. 

A frame of reference is not a disembodied spirit. It must itself be 
defined with reference to the body or bodies whose motion it is 
proposed to discuss. The question at once arises whether there are 
any bodies in the universe which can be taken as fundamental frames 
of reference; are there any bodies whose motions are fundamental, 
in the sense that the simplest description of the motions of other 
bodies is obtained by using the first set as frames of reference ? 

The answer given by the orthodox theory of relativity is well 
known: it is that there are no fundamental frames of reference in 
the universe. All coordinate systems or frames of reference are 
equally valid for the description of the universe. The descriptions 
of individual examples of motion will be simpler or more complicated 
according to the frames of reference chosen; but the description of 
the laws of nature can be put in a form independent of the particular 
frame of reference chosen, and the same for all possible frames of 
reference. This answer, by its generality and by the negative character 
of its enunciation ('There are no preferential frames of reference’)— 
negative statements (as pointed out by Sir Edmund Whittaker) have 
often proved of great value in the history of science, as in geometry 
and in thermodynamics—this answer, I say, has attracted the assent 
of some of the greatest minds of our time; and it has accumulated 
a considerable body of experimental evidence in its support. But 
it is impossible to establish a negative, by induction, with complete 
certainty. I should be the last to deny the abstract possibility of its 
truth. But an even more general answer is abstractly possible, and 
is worth consideration. 

The contents, the material bodies, of the universe are not homo¬ 
geneously distributed through space. Like city- and village-dwelling 

3595.63 n 



2 


KINEMATICS 


Part I 


mankind, the population of the universe is not spread uniformly, but 
is concentrated in aggregates known as galaxies, of which the great 
concourse of visible and invisible stars related to our own Milky Way 
forms one example. These galaxies seem to be the unit bricks out 
of which the universe is constructed. Many of them are spiral in 
structure, and are known as spiral nebulae. The more distant have 
not been resolved into stars by the telescope and camera, but the 
nearer ones have been shown, chiefly by the work of the great 
American observatories, to consist of stars, star-clusters, and gaseous 
nebular clouds, and to include Cepheid variable stars and novae, 
as these are observed in our own galaxy. Moreover, the different 
galaxies seem to be roughly comparable in size with one another. 
They are separated by vast distances, the intervening spaces being 
relatively devoid of matter. Each galaxy appears to have a centre, 
or nucleus. The various nuclei, judged by the displacement to the 
red of the lines in their spectra, appear to be all receding from us, 
and consequently from one another. The speed of recession increases 
with distance from ourselves, being, according to the researches of 
E. Hubble, directly proportional to the distance from ourselves. 
The average speed of recession is at the rate of 550 kilometres 
per second per million parsecs, a parsec being 3-26 Hght-years or 
3*08 X10^^ km., or 3’08 X10^® cm. The mass of each galaxy is of the 
order of a small multiple of 10^^ suns. The linear dimensions of a 
typical galaxy, say, our own, are 15,000 to 20,000 Hght-years in 
radius, the shape being that of a flattened spheroid. The separations 
of the nuclei of the galaxies are of the order of 2 million light-years. 
The present mean density of the smoothed-out universe near our¬ 
selves is estimated as 10“^® gm. cm.^^jf but, when allowance is made 
for obscuring matter and the increasing size of estimates of the 
masses of the nebulae, it may be as large as 10“'^’^ gm. cm.”^ 

These galaxies throng the fields of the most powerful telescopes, 
and long-exposure photographs show no apparent thinning out with 
distance. The faintest of them fade into an unresolved background. 
They are literally countless, and though some theories profess to give 
a figure for the total number of galaxies, my own belief is that the 
number is infinite. The reasons for this belief will appear in the 
sequel. 

The galaxies constitute the natural frames of reference for the 
f Hubble, The Observational Approach to Cosmology, 1937. 
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description of the motions of the contents of the universe. Their 
nuclei form a network of fundamental points, relative to any one 
of which the motions of any other bodies in the universe can be 
described. Whether we like it or not, we have no other natural 
frames of reference in the universe, and they are, in fact, being used 
by astronomers as the basis of the system of observed proper motions 
of the stars. 

It therefore suggests itself that instead of assuming that all frames 
of reference are equivalent, we should make the less restrictive 
assumption that only the nuclei of the galaxies be taken as equiva¬ 
lent. We do not exclude the possibility that other frames of reference 
may be found to be also equivalent to these; we merely confine 
ourselves to deductions from the assumed equivalence of the galactic 
nuclei. That is to say, we can assume as a working hypothesis that 
the laws of nature, such as the law of motion of a free particle, are 
the same from whatever galactic nucleus they are described. 

There is a further consideration, which militates against the view 
of orthodox relativity, that nature contains no preferential frames of 
reference. It has been the view of many thinkers, in particular Mach, 
that the laws of nature are a consequence of the contents of the 
universe being what they are; that the law of gravitation, for 
example, depends on the amount and distribution of the matter of 
the universe. Now the contents of the universe will have a different 
description according to the frame of reference used. The description 
of the universe by an observer at the centre of our own galaxy would 
be different, for example, from its description by an observer at the 
same place but moving with, say, one-third the speed of light. If so, 
we may expect that the descriptions of the laws of nature by two such 
observers would be different. They would be reconcilable, of course, 
but different. It is a consequence of this view that the laws of nature 
will only have the same descriptions when the universe has the same 
descriptions from the vantage-points of the observers in question. 
Only those vantage-points, frames of reference, observers—call them 
what you will—are equivalent from which the contents of the 
universe have the same description. 

Whether the actual universe is such that its contents are described 
in the same way from every nebular nucleus taken as observing-point 
is very unlikely. But if so, then it is unlikely tliat the laws of nature 
have the same descriptions by such different observers. What we 
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tieed, to construct a science of laws of nature, is an ideal universe, 
in which the various nebular nuclei or fundamental particles provide 
identical descriptions of its contents. To the extent to which the 
actual universe approximates to the ideal one, to that extent will 
the laws of nature be describable in identical terms from the different 
nebular nuclei. To the extent to which the actual universe deviates 
from the ideal one, the laws of nature will be different as described from 
the different nebular nuclei; but we can readily proceed to a more 
realistic state of affairs, if we want to, by embroidering perturbations 
or variations on the ideal universe. It is necessary, however, first, to 
have a pattern, a norm of behaviour, a standard of comparison, be¬ 
fore we can begin to discuss effects of non-homogeneity of description. 

We take then, as fundamental points of reference, the nuclei of 
an idealized system of receding nebulae, such that the descriptions 
of the whole system, and consequently the laws of nature, are the 
same from all. This procedure, of starting with a universe in some 
sense homogeneous, has in fact been adopted by all cosmologists. 
It gives us a homogeneous stage for our play. It would be as purpose¬ 
less and uninteresting to start with an irregular universe as it would 
be to enunciate geometrical theorems on the surface of an irregularly 
crumpled tablecloth. But it may be asked why we do not content 
ourselves with assuming that the laws of nature are the same from 
every nebular nucleus, with assuming in fact the ordinary form of 
the principle of uniformity of Nature, instead of assuming as well, 
in our idealized system, that the description of the contents of the 
universe is the same from each nebular nucleus. The answer is that 
this would preclude one of the main objects of our inquiry, which 
is to ascertain, in the broadest sense, the general laws of dynamics 
and related laws of nature. We do not wish to assume laws of nature, 
or take them for granted, or borrow them from experiment. We wish 
to mfer, from the contents of the idealized universe, what would be 
the laws of nature in that universe. In order to talk about laws of 
nature at all, there must be a set of equivalent frames of reference; 
and if the laws of nature depend on the contents of the universe, 
then these contents, for the idealized universe, must have the same 
description for all fundamental observers. 

It is to be noted that the kind of homogeneity we postulate for 
the idealized universe is a homogeneity of distribution of nebular 
nuclei, on the large scale. We do not ignore the fact that the matter 
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of the universe is concentrated in the vicinities of these nuclei, but 
we treat these nuclei as particles, and later discuss the smaller scale 
inhomogeneity occasioned by the actual distribution of matter near 
these nuclei. 

It is further to be noted that the postulated homogeneity of 
distribution of nebular nuclei—^the postulate that an observer at 
each such nucleus has the same view of the distribution of matter- 
in-motion in the universe—is not of the nature of an experimental 
or observational assumption at all. It is of the nature of a definition, 
a definition of the type of system it is proposed to consider. Just as 
we cannot expect to establish theorems in plane geometry without 
saying what we mean by an un-crumpled plane; just as we cannot 
expect to establish theorems in spherical geometry without introduc¬ 
ing and defining a sphere, so we cannot expect to establish theorems 
in dynamics without first defining a system of frames of reference. 
We could choose different systems, but the system which first claims 
our attention is a system resembling the system of the galaxies, but 
defined to have an aspect of homogeneity. The interest of the result¬ 
ing dynamics lies in the closeness of its resemblance to empirical 
dynamics, just as the interest of Euclidean geometry lies partly in 
its resemblance to empirical geometry. The mutually separating 
system of particles we define as constituting our frames of reference 
need not be pictured as large in the sense that the universe is large. 
We shall see that in some modes of its description it occupies the 
interior of an expanding sphere, and this need not be pictured as 
any bigger than a child’s expanding balloon. No arguments based 
on its absolute size occur at any stage of our subsequent development. 

2. Scale of time. The second desideratum in constructing a dynamics 
is a scale of time. But once we have determined on an expanding 
cloud of fundamental particles as our frames of reference, the possi¬ 
bility arises of using this same expanding cloud of particles to provide 
scales of time. A priori we can take any dynamical phenomenon 
whatever, and use its unfolding progress to define a scale of time. 
There is no natural uniform scale of time, because we cannot say 
what we mean by the word uniform in relation to time; we cannot 
catch the fleeting minute and put it alongside a later minute. Some¬ 
times it is said that a uniform scale of time is defined by a periodic 
phenomenon. But this is to beg the question: it cannot tell us whether 
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two succeeding periods are 'equal’. But in a fundamental inquiry 
into the principles of dynamics it would be a culpable want of 
economy of thought to introduce a new dynamical phenomenon to 
give access to a scale of time. The system which has provided our 
frames of reference can be used to define a scale of time: if we can 
give a meaning to saying that the fundamental particles are all 
separating at constant velocities, this will give us a scale of time to 
work with. We shall have to examine whether, when two members 
A and B of the system are separating at constant velocity, then A 
and another member C can also be said to be separating at constant 
velocity. We must also examine whether we can attach a meaning 
to setting up the same scales of time at different places in the system. 
Though we cannot define uniform time, we shall find that we can 
define congruent time-keepers, at different places, by means of our 
system of mutually separating fundamental particles. 

It may be asked at this stage whether we have not unduly circum¬ 
scribed the minimum number of concepts necessary to construct a 
dynamics; is not a scale of length also necessary? The answer is that 
a method of measuring lengths is necessary, but that once a scale 
of time has been set up, the very fact that we need a method of 
perception of the objects whose distances we wish to ascertain 
compels us to consider light, and once the sending of light signals 
is at our disposal it is again uneconomic and redundant to introduce 
an independent scale of length. If we were to introduce a so-called 
rigid measuring-rod, we could not say what we meant by its main¬ 
taining the same length when transported, or when pointed in 
different directions. The ideally rigid measuring-rod is as incapable 
of definition as the clock measuring uniform time. To introduce 
further notions derived from experience, when the concepts of a cloud 
of receding particles together with the concept of light-signalling are 
sufficient, would be to depart from William of Occam’s principle, entia 
non sunt multiplicanda praeter necessitatem. The most elementary 
analysis of the process of perception, combined with the individual’s 
awareness of something he calls the passage of time, suffice, in con¬ 
junction with the separating cloud of particles, to provide measures 
of length and distance. 

3. The substratum. The possibility of making progress in abstract 
dynamics with the aid of the concept of the expanding cloud of 
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fundamental particles arose from an accident of intuition. As ex¬ 
plained in my earlier book, Relativity, Gravitation, and World-- 
Structure, I was considering the observational phenomenon of the 
recession of the galaxies when I suddenly noticed that the explana¬ 
tion of this was obvious. A set of random motions, in a finite volume 
of otherwise empty space, will inevitably result in the expansion of 
the volume occupied by the moving particles. For the outward- 
moving particles will tend to cross the original boundary of the 
swarm, and the inward-moving particles will traverse the interior 
of the volume only to emerge at some other place. Moreover, if each 
member of the swarm is moving with uniform speed, when an 
adequate time has elapsed the fastest particles will be found on the 
outside of the now expanding swarm, followed by the next fastest, 
and so on, only the slower-moving members being in the vicinity 
of the original volume. There will be velocity-segregation, and the 
distances traversed by the particles from their original positions will 
be proportional to their velocities. The fact of the expansion, and 
the velocity-distance proportionality, are at once accounted for. 
Moreover, for such an expanding swarm, there is a natural zero of 
time, namely, the instant at which the system is first given, since, 
save in improbable circumstances of motion, the instant at which 
it is first given is also the instant of minimum volume of the 
system. 

The next stage was one which would have occurred to anyone. 
It was to refine this picture of a swarm of particles in an isolated 
region in otherwise empty space, by imposing an aspect of homo¬ 
geneity, of the type mentioned above. One simply assumed, as a 
matter of definition of the swarm to be considered, that the swarm 
did not contain any preferential particles. For the kinematics of the 
swarm one naturally assumed the kinematics of Einstein, embodied 
in the famous Lorentz formulae. The result was to obtain a velocity- 
distribution for the swarm, and a spatial-temporal distribution, 
which removed the objectionable feature of the original intuitive 
picture, namely, the being isolated in empty space, by making the 
swarm fill the whole of ‘accessible’ Euclidean space, the accessible 
portion being confined to the interior of an expanding sphere, which, 
by the properties of the Lorentz transformation, could be considered 
as having any member of the swarm for its centre. 

The idealized system of mutually separating particles that resulted 
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I call now a ^substratum’. It has all the properties of infinite space, 
in that a particle inside it, no matter how fast it moves, can never 
reach its boundary. Its boundary is indeed entirely inaccessible 
to its own members. The radius of this boundary, reckoned from 
any arbitrary member of the system as centre, is proportional to the 
time, as reckoned by that member at the instant under consideration. 
The system is in a continual state of dilution with the flow of time, 
due to its expansion; it is not homogeneous in density-distribution 
in the view of any member of it, but it is homogeneous in the sense 
that at the same epoch in the experience of any two particle-members 
of it, the densities near them are the same. The substratum, being 
a system of frames of reference in motion, plays the part for dynamics 
that a plane plays for Euclidean geometry: it is the stage, the scene, 
the theatre for the theorems of dynamics. Just as you cannot prove 
theorems in geometry without being able to refer to a point any¬ 
where in the Euclidean plane, so you cannot prove theorems in 
dynamics without having at your disposal frames of reference every¬ 
where in space. The substratum provides such frames. 

4. Emergence of two scales of time. My former book, already 
mentioned, was designed to explore the cosmological consequences 
of the isolation of the substratum as a model of the expanding uni¬ 
verse. But no sooner was it published than I found that I had hardly 
begun to deal with the consequences for dynamics. It appeared 
possible, as I have shown in numerous technical papers, to construct 
accounts of dynamics, gravitation, and electrodynamics valid for the 
substratum, and to relate these to Newtonian, Lagrangian, and 
Hamiltonian dynamics, and Maxwellian electrodynamics. The most 
important result that emerged was that the scale of time that is the 
basis of Newtonian dynamics is not the scale of time in which the 
universe is expanding, not, that is to say, the scale of time that is 
the basis of the Lorentz formulae, or Maxwellian electrodynamics. 
Einstein’s dynamics, which uses the same scale of time for both 
mechanics and optics, suffers in consequence from a confusion of 
ideas which will be examined in the course of the present book. 

When I was an undergraduate at Cambridge it was always said 
by my fellow undergraduates that dynamics was a dead subject. 
I hope that the investigations of this book will show how mistaken 
we were in those days. 
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5. Contrast with classical physics. It must be recognized firmly 
by the reader that the ideas underlying the investigations in this 
book differ fundamentally from the ideas of mathematical physics 
as ordinarily understood; they make a clean breach with the ideas 
of traditional physics. The typical element in a branch of traditional 
physics is an empirical law of nature. Whether it is obtained, as 
Kepler’s laws were obtained, by an inductive analysis of a mass of 
observational data, or whether it is obtained by a flash of inspired 
intuition, as Newton’s laws of motion and Einstein’s law of gravita¬ 
tion, it is essentially a statement of fact about the world, a statement 
from which consequences can be deduced, these further consequences 
having also the status of facts unless disproved by observation. 
Moreover, such laws of nature are usually enumerated in quantitative 
terms; usually, but not always. A branch of traditional theoreti¬ 
cal physics contains the element of abstract reasoning, but its 
syllogisms are based on premisses which are supposed to hold true in 
Nature. 

But Kinematic Relativity, the name given to the class of ideas 
with which this book in part deals, does not begin with statements 
of quantitative fact. It does indeed assume, for each observer intro¬ 
duced, an awareness of something he calls the passage of time, by 
which he can place events in his own consciousness, that is, events 
constituting his own perceptions, in a temporal order. Without the 
incorporation into our work of this empirical but inescapable fact, 
there could be no description of change. A kinematics or dynamics 
would not be possible. Again, in this book I assume empirically that 
the number of spatial dimensions is fAree. It would be a simple 
matter to conduct the investigations of this book assuming any 
desired number of spatial dimensions; for example, by the methods 
of this book we could infer the form of the law of gravitation in a 
world of n spatial dimensions. But for reasons which will appear 
in a moment, I confine attention to the case of three spatial dimen¬ 
sions. Again, in order that the ego may discuss entities external to 
himself, it is necessary that he shall have means of perception. I call 
the means of perception but I assume no empirical properties 
of light. I also introduce the concepts of particle and observer. 
Such is the apparatus introduced. But this is far removed from 
assuming any empirical laws of nature. With this apparatus, I pro¬ 
ceed to define systems of particles in motion, observed or capable 
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of being observed by observers, and then to derive theorems about 
them. The whole process is akin to the construction of an abstract 
geometry, only the elements in it, instead of being points and lines 
and surfaces, are particles in motion. The theorems are the un¬ 
deniable consequences of the definitions (it is well known that axioms 
are concealed definitions). Just as the mathematician never needs 
to ask whether a constructed geometry is true, so there is no need 
to ask whether our kinematical and dynamical theorems are true. 
It is sufficient that the structure is self-consistent and free from 
contradiction; these are in fact the only criteria applied to a modern 
algebra or geometry. The interest then in the first instance hes in 
the revolutionary result that it actually proves possible to enunciate 
and prove theorems stating that in the presence of such-and-such 
abstract systems of particles such-and-such other particles will move 
in ways that can be specified. I say ‘will move’, not in any way 
appealing to empirical verification, but just meaning that such 
motions are logical consequences of the structure originally defined. 
No meaning can be attached to verifying a particular geometry, 
save in the sense of testing logically its self-consistency; and no 
meaning can be attached to verifying the dynamical theorems of this 
book. Many of them will appear very strange compared with the 
theorems of empirical dynamics, just as many of the theorems of 
non-Euclidean geometry seem strange and even absurd. Attempts 
were made in the early days of non-Euclidean geometry to pour 
ridicule on its results, and similar attempts have been made to pour 
ridicule on some of the kinematical and dynamical results exposed 
in this book. But theorems of non-Euclidean geometry are well 
known to lose their strangeness when it is realized that they are 
essentially theorems of Euclidean geometry stated for a non-flat 
plane. And the theorems of the dynamics based on Kinematic 
Relativity will be shown to lose their strangeness when the scale 
of time in terms of which they are stated is suitably transformed. 
Indeed, this is more than a parallel. The process by which theorems 
of Lobatchewskian geometry are translated into theorems of 
Euclidean geometry is essentially one by which the interior of a 
Euchdean circle is projected into the infinite Lobatchewskian 
plane, and the transformation of time-scale which we shall chiefly 
employ projects the interior of the initial expanding sphere of moving 
particles into the whole of an infinite space of hyperbolic character. 
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We superpose motion on geometry, and the result has in the first 
place all the abstract interest attaching to the construction of any 
geometry, with the enhancement of interest due to the incorporation 
of the novel feature of motion. 

But in the second place, just as Euclidean geometry has a special 
interest from its happy coincidence with the empirical geometry 
based on particular empirical methods of measuring lengths, so the 
dynamics constructed in this book has a special interest from its 
wide field of agreement, when a suitable scale of time is chosen, with 
the empirical dynamics of tradition—the dynamics of Newton, 
Lagrange, Hamilton, and Einstein. This does not amount to the 
verification of the theorems; the theorems hold good in their own 
right. But it justifies the original choice of fundamental system 
of frames of reference, number of spatial dimensions, temporal 
sequence, and so on, used as concepts and definitions. Comparison 
with the empirical dynamics has in fact a much greater interest 
than comparison of Euclidean geometry with empirical geometry. 
Bor whilst nothing new emerges from the latter, a good deal that is 
new emerges from our comparison. The theorems of the dynamics 
of Kinematic Relativity do not always coincide in form with 
Einstein’s refinements on empirical Newtonian dynamics, and 
suggest that in the long inductive journey from the observations 
that are the basis of orthodox relativity to the final equations of 
motion, there has been some going astray. This is not surprising 
when we consider how much deeper is the science of motion than the 
science of position, how much deeper is dynamics than geometry. 
We shall track down the discrepancies to a confusion between scales 
of time. 

In the third place, the investigations have an interest in that they 
help to give an answer to the question, Why do the laws of dynamics 
hold good at all? Traditional physics, in starting with assumed laws 
of nature, debars itself at the outset from any possibility of answering 
this question. It can only be answered by starting with a set of 
definitions which lead to theorems closely corresponding to the laws 
empirically observed. There is then reason to believe that the 
definitions not only are self-consistent, but define abstract entities 
which are the counterparts of entities existing in Nature. We come 
back to the Platonic doctrine of ideas. The laws of dynamics hold 
good because particles in the presence of actual galaxies resemble 
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the abstract particles of our theory moving in the presence of abstract 
representations of galaxies. Only an abstract theory of motion can 
provide the nexus between the empirical facts and the why of the 
empirical facts. 

To achieve so much, a considerable discipline is required from the 
physically minded reader. What is a commonplace to a mathema¬ 
tician is still unfamihar to physicists. Physicists are not accustomed 
to reasoning about abstract ideas of things; the empirical is always 
intruding itself, openly or tacitly. To follow a kinematic argument 
one has to submit oneself to a process of self-denial: one must 
rigorously exclude all appeals based on intuition, explicit or implicit. 
Mathematicians brought up in the school of rigorous analysis, 
accustomed to proving, or more often disproving, the obvious, have 
foimd far less dlfhoulty with the type of investigation contained in 
this book than the hard-headed experimental physicist, with his feet 
firmly planted on the ground. The intellectual climate in which an 
argument in Kinematic Relativity is conducted is markedly different 
from that in which an argument of current mathematical physics is 
conducted. In modern mathematical physics the investigator has 
results from the whole field of physics—mechanics, optics, thermo¬ 
dynamics, electrodynamics, quantum theory—at his disposal; he is 
not concerned with whether one result is or is not logically anterior 
to another. But in Kinematic Relativity we must not appeal to any 
result, law, or theorem not, already established in the course of the 
investigation. No matter how repugnant to ‘common sensed one 
must abide by the theorems obtained. For example, I was once asked 
ow I reconciled such-and-such a result with the ‘correspondence 
principle of Bohr. But Kinematic Relativity is not acquainted 'with 
any principles. It is an entirely unprincipled subject. Until it pro¬ 
gresses to the point of evolving its own form of the correspondence 
principle, this principle is irrelevant to its results. You might as well 
as how a result of non-commutative algebra could be reconciled 
with the multiplication table. 

^ This difference of climate accounts for the many irrelevant criti¬ 
cisms which have been so continuously showered on the investiga- 

u 1 is the exception for a criticism to be 

oun ^ e p in correcting an actual mistake; and that is the only 
way m a criticism can he legitimate. I could have avoided 

muc 0 his criticism had I been content to proceed, at various 
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stages, as traditional physics proceeds. For example, I could have 
taken for granted the Lorentz formulae (as I did in my earliest 
investigations) as part of the established material of empirical 
physics. But to do so would have been to introduce an unnecessary 
empirical element from the outset; and, secondly, would have de¬ 
barred me from identifying the time-variable occurring in them. 
Instead, I have throughout used them in the only sense in which 
I believe them to be vahd, that is, in the contexts for which they 
have been established by Kinematic Relativity. Anyone who accepts 
them in a wider sense will be perfectly entitled to assent to the 
greater part of the investigations which follow. But he will not be 
in a position to turn each formula in the book back into immediate 
meaning in terms of sensory perception of light-signals. 

6. Avoidance of concept of time-space. With these defensive 
remarks, I proceed to the formal investigations. It should be stated 
that nothing in this introductory chapter is to be taken formally. 
The words used to describe the essential ideas matter little; the ideas 
themselves shine out from the mathematics. 

The variable chosen to measure the passage of time plays so 
fundamental a part in what follows that I have throughout distin¬ 
guished between this variable and variables denoting position. That 
is, I have rarely used the concept of time-space. To speak of time as 
on a similar footing to the three space variables is almost always 
misleading, and it obscures the actual meanings of the various 
relations obtained. Our equations will often divide themselves into 
two groups, one a group expressing three-dimensional vector rela¬ 
tions, the other scalar relations. It will prove essential to keep the 
two groups distinct. It will also appear that additional clarity is 
obtained by not sticking always to the restriction of expressing every 
relation in 4-vector form. Some of the most fruitful relations will 
be found to be three-dimensional ones which are not just the space- 
parts of 4-vectors. 

I must make it clear, lastly, that I have nothing to retract from 
the investigations contained in my earlier volume already cited. 
The field of inquiry of the present volume, though based on the 
same set of ideas, is widely different. Emphasis is differently laid. 
Also, when the former volume was written I was completely 
ignorant of the directions the newer researches were to take. 
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Certain problems were left unsolved in the earlier volume, and 
the treatment there contained no attempt to translate the results 
into more traditional dynamical forms. But the spirit of the 
present volume is the same spirit that permeates the former volume, 
namely, the spirit of not assuming results not obtainable by the 
kinematic method. 



II 

TIME-KEEPING. THE LINEAR EQUIVALENCE 

7. Temporal consciousness. Consider a single observer, an ego. 
He is conscious of something he calls the 'passage of time’. The 
phrase is to be taken as a unit. He is not conscious of something 
he calls 'time’, and then aware of its passing. He means that if 
there are two events in his own consciousness, say, and then 
he can unfailingly say whether E2, occurred 'after’ or 'before’ 

or 'simultaneously’ with This is, of course, an over-simplification 
of the awareness, by the observer, of a temporal sequence. For E^ 
may' overlap ’ E-^, or be included in E^. The simplification is analogous 
to the analysis of positions on a surface into' points’, or that of pieces 
of matter into 'particles’. Without a process of simplification or 
idealization or abstraction of this kind, initial progress would be 
unnecessarily complicated. We adopt, in fact, the undefined concept 
of a 'point-event’ at the observer; only when we have got the theory 
resulting from the introduction of point-events in an advanced state 
would it be profitable to consider more complicated types of event. 
Let it suffice here to say that if actual events are deemed to possess 
a 'duration’, we can define point-events as the beginning and ending 
of such durations, after the manner of Whitehead. 

8. Definition of an arbitrary clock. We shall further conceive it 

possible for the observer to interpolate, between any two non- 
simultaneous events E^ and occurring in his own consciousness, 
any number of further point-events; if is later than , we can say 
that all the interpolated events are later than E-^ and earlier than E^^ 
and that they have the same 'before’ and 'after’ relations between 
one another as any actual pair of point-events have. We are thus 
led to the notion of a one-dimensional continuum of events at the 
observer. Choosing one of these events and labelling it zero, we can 
correlate all later events with the positive real numbers, and all 
earlier events with the negative real numbers, in such a way that 
the numbers and correlated with events E^ and E^ at the observer 
satisfy the relation if is later than This correlation 

can be effected arbitrarily, subject to the condition just mentioned. 
Such an arbitrary correlation of events at the observer with real 
numbers we call a 'clock, arbitrarily graduated’, and the number t 
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associated 'with, any event E at the observer we call the ^epoch’ of 
that event. 

9. The first problem of time-keeping. The first problem of time¬ 
keeping can then be stated as follows: If an observer or ego A has 
graduated his temporal consciousness in arbitrary fashion^ i.e. has 
set up an arbitrary clock at himself, is it possible for a second 
observer B, in any kind of motion relative to A, to set up a clock 
which can be described as ‘identical with’, or, better, ‘congruent to’ 
A s clock, that is, to set up a clock which, in some sense to be made 
precise, can be said to keep the same time as -d’s clock? 

Tor this problem to have a meaning it is necessary that A and B 
shall be able to inter-communicate; and for it to be capable of 
solution, it is necessary that A and B should be able to ‘read’ one 
another s clocks. We can picture A as assigning his temporal gradua¬ 
tion of events at himself by setting up a ‘clock-face’ and arranging 
a hand to run round it, in an arbitrary fashion to be arranged by 
himself. Observer B is to do the same at himself. Suppose now that 
B sees his own clock reading an epoch 4 Q^t the instant he sees A ’s 
clock reading an epoch Let B graph 4 against U, obtaining a 
relation 

A = ( 1 ) 

Again, let observer A see his own clock reading an epoch ^4 at the 
instant he ^’s clock reading an epoch Let A graph against 
^ 3 , obtaining a relation . , 

^4 ~ ^(^3)* ( 2 ) 

The most primitive case in which we can hope to set up clocks 
at A and B that may be called ‘congruent’ is when the relation of 
to B is a symmetrical one. In that case we shall define the clocks 
as being congruent if the functions 6 and <f> are such that 

( 3 ) 

(In the foregoing, the phrase at the instant he sees’ means ‘simul¬ 
taneously with seeing’, so that all that is required of either A ov B 
IS t at he shall be able to make an immediate judgement of simul¬ 
taneity between two perceptions, namely, perception of the clock at 
himself and perception of the clock that is not at himself.) 

re ation (3) is not satisfied, the clocks as graduated are not 
congruent. The question arises, can B regraduate his clock so as 
to make it congruent with A’s? 
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Let B regraduate his clock from reading t' to reading jT', where 

r = t' = 

The function x be a monotonic increasing function of its 

argument, to preserve the before-and-after relation for the newly 
graduated clock, and so possesses a unique inverse. Then 

4 = t', = x--\n). 

Hence relations (1) and (2) become 

The first of these may be rewritten as 

== 

Hence .B’s re-graduated clock will be congruent with A'^ii x is such 


that 


xO = 


or x^X = (4) 

This is an operational equation for x, given 6 and cf). To solve it, put 


X* = x^- 

Then (^) 

Hence the solution is obtained by taking the operational square root 
of the operational product (f>d. A method of effecting this operation 
has been given by Whitrow and the author, f It suffices here to 
state that a solution be found, and that it can be arranged 

that this solution is everywhere differentiable. The solution holds 
good through any interval in which A and B do not meet. Once x'^ 
has been found, the regraduation function x follows from 

X = x*^~^- 


10. Light signalling as acts of perception. We have shown how 
to set up identical or ‘congruent’ clocks at A and B solely from 
the observations that A and B can make on one another, without 
using the concept of the transmission of light between A and B, But 
it is to be noted that when A and B have set up congruent clocks, 
the clocks at any instant they are observed by either observer will 
not be giving the same readings. This is best explained by assuming 
that when A looks at B’s clock, and notes its reading, he is making 
a perception of an event which occurred in some sense ‘previous’ to 
the event of the actual perception, and that tlie transmission of the 
knowledge of this event from B to A is effected by the propagation 

f Zeits. juT Astro^hys. 15, 270, 1938. 

3595.63 p 
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of what is usually called light. If, in fact, darkness supervenes m 
the universe consisting of A and B, A will be unable to observe 
B’& clock at all; therefore we may say that if A is enabled to read 
JS^s clock as reading ^ 3 , then B has, at the instant t'^ by his own clock, 
sent a light-signal to A. Similarly, when B is enabled to read A s 
clock as reading then A has, at the instant by his clock, sent 
a light-signal to B. Again, we may suppose the instants and % 
by jB’s clock to be simultaneous, i.e. 4 = which case we may 
say that A has sent a light-signal to B at time by A ’s clock, that 
it has been reflected by B at the instant 4 == ^3 clock, and 

returned to A so as to arrive at A at time 4 by A ’s clock. This is 
in turn equivalent to saying that A strikes a light at time 4 by bis 
clock, and notes the reading 4 (= 4) clock when he sees it 

illuminated, and the reading 4 of his own (A’s) clock at the instant 
he sees B's clock illuminated. It will be noticed that the only physical 
property of light assumed in these procedures is that if -B s clock 
is illuminated by A 's action, then A sees it illuminated at a time by 
his (A’s) clock which is not earlier than the time of the action of 
illuminating B's clock. This simple property can be itself deduced 
if we use a simple theory of causation, namely, that an effect cannot 
precede its cause. We also assume that if A performs an action 
which causes the illumination of £’s clock, then he sees B's clock 
illuminated just once and only once. 

It will be seen that to set up the relation between A and B of 
possessing congruent clocks, only the simplest acts of perception 
of A by -B and B hj A are required. Were these simple acts 
of perception excluded, A and B could scarcely he aware of one 
another’s presence, and the problem of equipping them with con¬ 
gruent clocks could not arise. If we choose to be interested in the 
possibility of two different observers ‘keeping the same time’, we 
must permit them to announce to each other the times they are 
keeping, and our procedure involves nothing but this type of 
announcement. Thus the last person to quarrel with our suggested 
procedure should be the philosopher who reduces experience to the 
reception of sense-data. 

11. The second problem of time-keeping. Suppose that we have 
an observer A, in possession of a clock arbitrarily graduated, and 
a number of other observers, B, in any relative motion, and 
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that A, having observed B, G, i),..., communicates to them such 
information as enables them to graduate their clocks so that these 
are each separately congruent to A ’s clock. We write these relation- 
ships as b = A, 0 = A, D = A, 

The relation of congruence being a symmetrical one we can equally 
well write 




A = C. 




The second problem of time-keeping is then to find the conditions 
that B = Cy and so on for every pair. In words, we want the 
conditions that if S’s clock is congruent to A ’s, and C's clock con¬ 
gruent to A's, then B's clock shall be congruent to ( 7 ’s, and so on. 
These conditions may be expected to take the form of restrictions 
on the relative motions of J 5 , Cy D,.... We solve this problem in 
stages. 

Let Ay B, 0 he three collinear observers who remain coUinear. 
By this we mean that if B (supposed to be between A and C) at 
any epoch ^ hy his clock receives signals and from A and C 
respectively, then signals leaving B at epoch 4 hy B's clock reach 
C and A respectively at the same instants as the original signals 

and <§2 reach C and A respectively. 

We suppose that B ^ A and C ^ A, Let a signal which leaves 
A at 4 by his (^’s) clock reach B at 4 by J 5 ’s clock and reach G at 
4 by C’s clock; further, let the signal reflected by C at time 4 hy 
C’s clock reach B again at time 4 by fi’s clock and reach A at 4 
by A ’s clock. 

By the definition of clock congruence, since B ^ A there exists 
a function 612(0 ^rich that 

4 = 612(4)) 4 “ ^12(4)* 

Since C ^ A, we have also 

4 = 6^3(4), 4 ~ ^13(4)* 

We shall call the functions 612, 613, where the first suffix is smaller 
than the second, signal fmictions of the first kind'y and we shall write 
their functional inverses as ^21’ ^315 and call them signal functions 
of the second kind. A signal function of the first kind, it will be seen, 
gives the time of reception as a function of the time of emission, 
by the two observers concerned; a signal function of the second kind 
gives the time of emission as a function of the time of reception, by 
the same observers. 
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IVom the above relational 

^8 ~ U “ ® 2 i ^18(^3)* 

The observera J5, O will be equivalent, or possess congruent olooka, 
if t\ ifl the same fiinotion of ^ aa is of i.e. if 

^la ^81 “ ®ai ^18' 

When this oondltion is satisfied, we write 

^ 13^81 ^ ^ 81^13 ^ ^ 28 * 

The relation (0) imposes a restriction ozi the function 0^^ given tho 
funotion (or ®ia)* Now the function is in some way a mGa«iui> 
of the ^motion" of C relative to A. (When wo come to introdiico 
coordinates, we shall put this measui’e of * motion* into analytical 
form.) Similarly, measures the motion of B relative to ^1. It 
follows that for C7*s olook to be congruent with j5*s, there mnab bo 
a I'estriotion on the motion of 0 relative to In words, if, wlzon 
A has graduated his cloolc arbitrarily, and B, an observer in 1110 tion 
relative to A, has graduated his clock so as to be congruent witJi A 
olook, a further observer C, ooUinear with A and B, graduatoH his 
olook so as to be congruent to A^s dook, then C^b and B^b olooka, 
as thus graduated, will be conginent only if thei*e is a certain roatrio- 
tion on C^e motion, tlie reatriotlou depending on the motion o{ B 
I'elative to A, This restriction is contained in the commutation 
relation (0). 

It is now easily verified from identities (7) that of the throo fiinc- 
tione their inverses, any one commutes witli any 

other. 

Consider now a set of observers such that any three roniain 
oollinear and such that any pah of them can graduate their oloolcs 
so as to be congruent. We proceed to show that any pair of tlze 
corresponding signal functions commute Avith one another, For» 
since every pah possess congruent clocks, for any suffixes q, r 

(B) 
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12. Solution of the commutation Identities. It wcis shown by 
Whitrowf how to find the general solution of the identities (0). The 
form of these identities suggests that we seek solutions 6 of the 
identity ^ 


(where 8^ is a given fanotion), which themselves oomniufce in pairs. 
It is easily found that such solutions 8 form a gi'oui). Wo shall 
assume that tliis group contains an infinitesimal member, i.e. one 
differing by as little as we please from the identical operator. Let 
the function obtained by operating with the infinitesimal member 
on i be . . ^ /.V 


where € is small. Take this to be a S satisfying (10). Then 
d,(t)+eco9,(l) ^ e,{{t+,w{l)}, 

whence expanding the right-hand member by Taylor’s theorem and 
letting c -> 0 we got 

m ^ 1 

Define a now function of invoice 0.-^1), by 



whore T = 0^(1). 

Hence fi-^^+const. = 

Writing this as 

where Aq ifl any constant, wo have, on operating on each side with ft, 

OS) == a[Q-s)+K]. 

or, putting ft(0 for 

= ft(^+A0). 

Given Oq (monotonio increasing) and taking il(i) arbitrary in tlio 
interval 0 ^ ^ ^ Aq, subject to fi(Ao) = ^oft(O), we can obtain tho 
value of ft for any value of t\ tho ft so constructed \vill bo monotonio 
increasing, and so will possess a unique in verso, Honoo o)(i) can be 

f Journ. Math. {Oxjord)^ 6, 241), 1036. 
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found. Any other 6 must oommute with the infinitesimal mombor^ 
and so must be of the fonn found for 0^, namely, 

6(t) = n(a-^)+A}, (11) 

where A is soruD now constant, It is I’eadily verified that any two 
of tliia form do in fact commute with one another. For exainpJo, 

= qn-i(/)+A,+Ai} 

Thus (11) is the complete solution of the identities (9) on tho 
assumption made, If we put 

m) ^ ^(efl a ^ e\ 

then = logifj-\t), 

and so 9(i) = 

= ilfoafj~^t). ( 12 ) 


13. Linear equivalence. We now define a linear equivalence os the 
set of collinear observers whose signal functions given by 

(13) 

where ^ is any given (monotonio increasing) function cliaractonatio 
of the whole equivalence and is a positive real number cJiarao- 
teristio of the pair of observers oon’esponding to and takes all 
positive yaliiQS. 

It follows that since 

aud since 6^^ = we have 


’^QP V“pg- 

Moreover, a a tx 

' ^pr — ^pq ^qr 

Since and so tjs are partly arbitrary, any number of linear equiva¬ 
lences can be constructed containing two given observei’s, 


14. Equivalence defined by three collinear observers. Wo now 
prove that in general, if three observers belong to a linear equivalonoo, 
then tills linear equivalence is unique. 

Suppose that the signal function connecting the two obsorvors 
A, B is expressible in the two forms 


and 
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for all t. Por t put Q(<) and then porfonn the operation 0*“^ on eaoh 
aide. Then Q+-iQ(f+A) = 

Put a*-io = (I>, 

or Q = 

Tlion ^(i-f-A) = 

The general solution of this is 

<D(0 = at+@it), 

where aA = /x, 

and © is a periodio function of period A, so that 

0(^+A) = 0(0. 

Now (7 is a member of a linear equivalenoo containing A and B, 
Hence the signal function connecting A and C can be written in the 
two forma n*{n*-i(0+/i'). 

Accordingly, by the same argument as before, 
aA' - ijl\ Q{t+y) = 0(/). 

Honoe if A and A' are mutually incommensurable, 0(0, Imving two 
incommensiirablo real periods, must reduce to a constant. Honoo 
<I)(0 is of tlio form 

(!)(/) = 

Hence 0.(1) = n*((I)) “ 

Hence O'^(t) ^ 0{{t—b)la}f 


wliencG I = 

or O*-i(0 = 

Hence tlio sot of signal functions 

rcclucG to 
i., to 


i.o. to n{O“i(0+A/a}. 

But this is the set of signal functions generated by O. 



^ KINEMATICS l>4rtl 

15. A linear equivalence is a Idnematio entity, a defliiito corpUB of 
relationships, and it plays a fundamental part in time-detorminationfl^ 
Just as geometry involves definitions of points, lines, and plauon 
(possibly through, being the subjeota of axioms) whioli play a 2 >BrL 
in the subsequent theorems, so time-Iceeping involves the mfcioduc^ 
tion of linear equivalences. Physically, a linear equivalouoc is 
coUinear set of observers who can be equipped with compatvUte 
olooka. We shall give examples of specific linear equivalences luler. 

16, Main theorern. We shall now i^rove that given two liiioiir 
eqiiivalences generated by the functions ^ and the ^t-eqnivaloiice 
becomes identical with the ^-equivalence on regraduating tho olooka 
of the members of the <^-equivalence in an appropriate way. 

For be a typical signal function of the 96 -eqmvaIenco. Thou 
by the defijution of the ^-equivalenoa^ 

whei^e T is the time kept by a member of the ^-equivalenoo. Now 
legiaduate the clocks of the members of the ^-equivalence so that 
any olook-reading T is renumbered t, where 

^ == xl^h 

X Or monotonio function possessing a unique invoi'flo. Tlio 
6 tioii of a signal function implies that if a signal leavas P ut 
OOG leading by P e clock, is reflected by Q at clock-roading 
by q s dock, and returns to P at olook-reading P 3 by P^s clocJc, iJion 

f ^3 denote the epochs of the same events when the oloclcw havn 
been regraduated, we have 

Bnt these relations represent a linear equivalenoe amongst tho t,lnok« 
reading t mtlx signal functions 8^ given by 

Till. eq„i,ele„» will to icle„a,», wm, jt, ^.equivalence, if 
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for somo con’oepondenc© between the as and A Buffloiently 
general solution of this identity is 

( 14 ) 

with (IS) 

k and 3 being arbitrary. 

Tlius a linear equivalence remains a linear equivalence on olodc 
regraduation. And essentially there is only one linear equivalence. 
All apparently different linear equivalences, generated by different 
functions are merely different descriptions of the same kinematic 
entity. 

17. Coincidence at a point. It wiU now bo shown that if two 
members of an equivalence coincide at an epoch then all tlie 
members coinoide at this epoch, For if the observers P and Q 
oohicide at epoch by their clocks, tlien, by the definition of signal 
functions, at this epoch 

= ^ 1 * 

Hence if ijj is fclie generating function of the equivalence, 

Hence = 0'M^i)- 

Now 1, for if djjq were unity the two members of the equiva¬ 

lence would bo identical at all opociis. Hence 

= 0 . 

or 0(0) == 

Now consider any other two observei*s, P\ Q\ membem of the 
equivalence, with parameter Then 

= I'l, 

and thus P' and Q* coincide at opocli 
It is not a necessary property of an equivalence that its members 
possass an epooli of oommoii coincidence; but if two observers ever 
coincide, all ooincido at that epoch. 

18. Introduction of coordinates. To translate tlio definition of 
an equivalence into our u.sual ways of dosoribiiig 7noUon, it is neces¬ 
sary to introduce conventions by winch an observer A can a-ssigii 
camlinales to an obsorvor B from his observations of B, This wo 
now investigate. 
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If an obaewer A aendfl a light-signal at epoch by his clock, aud 
sees B at time by the same {A ’s) olook (i.e. receives the roflooted 
signal at time ij), then in some way the difference between tg and 
is a measure of the separation of B from A. For the ‘fartlior B is 
from id, the longer will it be before the return signal is received by A. 
Moreover, the average of tg and affords some measure of the epoch 
A will he disposed to assign to the event of reflection at B. Observer 
A can, of course, oonstmot two independent numbei’s ont of his 
observations and in an infinite variety of ways. But their 
difference and sum have each a property which makes them rospeo- 
tively appropriate as measures of ‘distance’ and ‘epoch’ of an event 
not at A. For a constant added to the zero of A’s clock leaves the 
difference of the observations unaltei’ed, and it adds tlio aftmo 
constant to the average of the observations. Thus the menauro o 
distance would he nnaffeotecl by the change of zero of the olook iisoc 
by id, and the measure of epoch would bo inoreosed by the eame 
constant. 

Now let A ohoose a positive number c. Let him define as tlio epoch 
of the event of reflection at B of the light-signal the nninbor t 

and let him define as the distance of the same event from hiniBolf 
the nmnloer r given hy 

The numbers t and r are called coordinates of the event of roflootloii 
as reckoned by A using his own olock. It is clear tliat suoli coorcti- 
nates are conventional oonstructs. But such conventional constructs 
oan always be iintnediately transformed back again into the obfloi'va- 
tions out of which they arose by the formulae 

r/c, 

Until dialance and c'poeli have been defined, it is imposBiblo to 
define velocity. But we can now define the velocity of a parti olo 
(in the line of sight) as drjdl^ where r and i have the above moaningfij 
and r is considered as a function of t. 

19. Velocity of light. Consider the set of associated values of v and t 
corresponding to a signal sent out by A at the fixed instant Tlie 
rate of increase of r with respect to i for this signal ^vill bo definod. 
as the velocity of light for this signal. The value of dridt for fixed 
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moasures in fact the rate of increase of the distance to which the 
signal has been propagated by tlio epoch according to ^*8 olook. 
By (18), for this set of values of r and 

r = c{t-ii), ^ = c. (19) 

This is the signal velocity assigned by 

20. Observer B oau perform similar observations witli regard to A ^ 
and assign coordinates (r', V) to events at By agreement he ohooses 
the same positive number c for converting olook-diflEerences into 
distance coordinates. It follows that, with these conventions, B will 
also assign to the signal velocity the value c. 

21. Epoch-distance relation and clock-running relation. Let 

us consider in more detail the observations which A can make on B. 
Lot A make a set of observations of r and ooiTesponcling values of t 
for some actual motion of B relative to A, and let him plot r against 
I, obtaining a function, say, r = This will be called tlio epoch- 

distance relation for B's motion as observed by A. 

Eurthor, let A observe the reading of B’s clock at the event of 
the reception by B of signal. This will be the actual reading 
of B'& clock to A at the moment of illumination of iJ’s olook. Ixt V 
bo the reading of B's clock at the event to wliicli A assigns blio opooli- 
coordinato I, I^ob A plot t' against t, obtaining a relation, say, 
I* = fiS)' Tins will bo called the clock-ninning relation for B'b clock 
as compared with ^’s, in ^’s exporioncos. 

Lob B record his observations of A similarly. Let c^2i(0 
be the ppoch-dislance relation and the dock-mnning relation for A "s 
motion relative bo B, as observed by B. Suffixing epochs and 
distances by the observer at which events occur, and iisijig primes 
to distinguish B'b assignments or observations, we have 

Hero and are observed clock readings; Ij^ are A's assign¬ 
ments of coordinates to events at B] ij are B'b assigiimeiita of 
coordinates to events at A. 

If now the relation of i? to H is a symmetrical one, and if i?’s 
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olook has been gi^aduated so as to be congruent to -4*8, then wo must 

have i _ I _ r 

?12^Y2V JU~J2V 


Call the limb the second/. 

Now consider a light-signal which is dispatched by A at time f| 
by A^b clock, reaches B at time by B'b clock, is then rofloofced hy 



Kia. 1 . 

B and reaches A at time by clock, and ie again refloototl aiul 
reaches B at time ^4 by B*fi clock. Then, applying the convontional 
definitions of coordinates, we have 


^ Wi+Qy 

where are coordinates assigned by A, are coorcliimtos 

assigned by J 5 . 

Eliminating the observed epoolis and i\ wliioh are found at 
beginning and end of the piooess, we iiave 


But 


Tff = ^2 = /(^2?)j 

rA^C<t>{Qy / 3 -/( 4 )- 

Eliminating the observations and we have 

f(Q = tB + Hh). 

( 2 ‘) 

Now ti is arbitrary. This implies that either of the coord iiiiitOH 
Is or is arbitrary. Henoe, if is eliminated between ( 20 ) and ( 21 ), 
the result must be an identity in ts', and similarly if ts is elim.inat<^(l, 
the result must be an identity in That is to say, tho pair <>f 

f(x) = y+<f>{y), f(y) = x-4>{x), (22) 


relations 


are such that each must be an identity in x or in y when tho remain¬ 
ing variable ia eliminated. Thus given <(,, / is determined, Hoiico 
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for the most general relative motion of two symmetiioally related 
observers A and £, then’ olook-running relation is determinate. 

22. Relation to signal functions. The second of (22) oan be 
Substituting in the firat of (22), we get 
Puttingfor x, we get 

Henceand fl'i'® inverse operators, Accordingly 


(23) 
(23') 

(24) 
(26) 


we may put = p, 

Adding and subtracting, 

/-' = i(p+3>-‘). 

= \(P-P~^)> 

Then since we have witten x for y for Ij^y we have 

^2 =f{hi) —/(y) — = P~Hh)i 

and likewise 

and i:, = = Pih)- 

Thus 4 = 

/g = (20) 

^4 ~ PMy 

and therefore the function p(/) is precisely the signal function ^ 12(0 
connecting observers A and B. Thus, given 9 we can determine in 
turn / and (f). 


23. Transformation formulae. Consider next the relations between 
A'h and assignmotits of coordinates to a distant colliiioar event 
E. Let a light-signal leave A at epoch by clock, pass over B 
at epoch /g by B'h clock, roach a distant particle P collinear with 
A and B, bo reflected at .P, return to B at opocli /g by B'e clock, 
and finally reach A at time by A 's clock. Let E be the event of 
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refleotion at P, and let (i,a:) be tbe ooordinateB aasignod by A to S 
as a result of liia {A ’s) observatioiiB, (t', x') the coordinates oBsigucd 
by S to as a result of his (5 ’b) observations. Then by tho definitions 
of the coordinates 


Hence 

But 


i' = i(4+«i). 

<1 = t—xic, 
= t’-x'lc. 


x' — -^ 0(43 4a)- 

= 4+!i:/c, 

4 = 4'+.^7c. 


4 — ^ia(4i)) 
4 — ^ 12 ( 4 )- 

k' _ 


A 


4' 

Fio. 2, 


E 


(tyj 


Hence t'^x'jc = d^^[t~xjc), 

t'-\-x'jc = 

■where aa usual These are a pair of simultaneous oqnationa 

for* I', a*' in terms of t, x, given the signal function 8^^ connecting tho 
obaervers A and B. Relations (27) and (28) hold good whatovor tho 
relative motion of A and B. The relative motion of A unci Jt 
expressed by the function 9, as -we shall now see. 


24. Examples of linear equivalences and corresponding trnns- 
formation formulae. ( 1 ) The simplest possible generating fiinotion 
of a linear equivalence is given by ^( 4 ) = 4. Then = 4 anil 

^ 4 ) = <fi<Xjyg>fi-^(i) = ocpgt. 

Hence, by (24), /-i(i) = i{^p,(4)+d,p(4)} 

= i(“p9 + “p8^)4- 


Hence 

Hence, by ( 26 ), 


or 


/(0 = 


24 


^pq 




-1* 


ii^pQ 








-1 




(30) 
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Thus the epooli'distanoe relation for this equivalence is 




<4+1 


(31) 


This allows that to 4, 5 is moving with a certain uniform velocity, 
namely, the constant Call this Then 

1 




V 


or 




(32) 

(33) 


^ / 1+Vc U 

ll-W ' 

whence with c</>(t) = (34) 

wo have f(i) = — (36) 

The linear equivalence determined by = t is thus the aggregate 
of all partiole-observera moving ivitli relative uniform velocity and 
separating from one another at a common epoch t ^ 0 . The form 
of/(i) shows that any member of tho equivalence reckons the clock 
of any other member as running slow. We call this equivalence the 
‘unifonn motion equivalence’. 

T])o transformation formulae corresponding to the uniform motion 
equivalence are, by (27), (28), and (33), 



(36) 


(37) 

which yield on solution for t' and x' 


, 1 Vi^xjc^ 

(38) 

t ^ ^ 

“(1 -W‘‘ 

(39) 


'riiose are the famous Lorentz formulae for the transformation of blie 
coordinates (tyX) observed by an observer A into tho coordinates 
(i',a*') observed by a second observer B moving with uniform velocity 
wh^b respect to A. Moreover, since for three observei’s we have 
the relation 


it follows from (33) that 


*pr 


i 


-VJc 


H+e"/!: * +Ttfr/c 


(40) 
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This is one of the forms 
gives 


of Einstein’s relative-velooity forinuloo. It 


y 


(41) 


'whenoe y = . . (42) 

The latter gives the relative velocity of A^, and as obsorvod by 
Ag^ in terms of the velocities of A^ and Ag observed by Aj^. 

It is worth while to pause for a moment to consider wliat has gono 
to the establishment of these formulae. They appear as the coi’uli- 
tiona that two observers A and B make observations of a col linear 
event E which are consistent with the observations that A and li 
can make on one another, when the relation of ^ to iJ is syminotrlciib 
The only types of ohservation that it has been necessary to iiHsuino 
are the actual perceptions of the event E hy A and by and tho 
perception of A and B by one anotlier. No quantitative proportioa 
of light have been assumed whatever. The only physical property 
of light assumed is that when A strUces a light at liimsolf ho hoch 
the distant illuminated object (the distant clock) ajler the nioniont 
of striking the light. Put in one way, this is equivalent to the 
assumption of the finiteneas of tlie velocity of propagation of lights 
But strictly speaking, the latter is a deduction from tlio inoru 
primitive property stated in the last sentence but one, and tliiK iu 
turn may be regarded as a consequence of a primitive typo of ax it ji it 
of causation, namely, that the ejfeci (namely, the seeing by yl of Ii*H 
clock) is an event in A^b experience which must be after aiul nt)t 
befom its cause (namely, the striking of a light by A), With on I iv 
regularity of this primitive kind, the world would bo a very lopsy- 
turvy one indeed. I repeat that only the most primitive olonunitH 
of perception have gone to the estabhshment of tlie Lorentx for i n ul ao; 
and they are in fact the expression of the analysis of the act ol‘ j)or- 
cepbion into its elements. We have not found it necessary to iiMKiitiiu 
the constancy of the speed of light, though this is an a 
consequence of our analysis. 

Tlie Lorentz formulae wiU be used freely in later devel<)]unnivtjH 
in this volume. They will always be used in the sense in whioli tlu jy 
have been established, namely, as formulae of tranBforiinvtitji' 
between the members of the uniform-relative-motion oQuivaU^iitsts 
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25. If we take the next simplest linear equivalence, gonorated by 

^ we got nothing new* Tor the signal funofcions, using 

= {ttQ^^/Ay^\ come out to be 

and 80 are the same totality of functions as for ^ t. The relative 
motion between members of the equivalence is again one of uniform 
velocity. 

26. Second example of an equivalence. (2) Consider the equiva¬ 
lence generated by (We introduce an arbitrary 

parameter of the same i)liyBical dimensions as ly so that 0(0 
remains of the dimensions of an epoch.) Then 0"^(O === 



^pqi^) — ^ 4*^0^08^1)91 

(43) 



(4.4) 

Hence 

f-Hi) - = «. 


and so 

m = i. 

(45) 

Then 

= ^olog^OT. 


or 

c<l>(l) ~ c/jlogct^g = const. 

(4(1) 


Tims in this equivalence, the membem are relatively stationary, and 
the relation f{t) = I shows that there is an absolute simultaneity 
amongst all the clock niembom of tlm equivalence. TUio transforma¬ 
tion formulae give 

i'+x'/c -= 0„„(H-.'c/c) = f+.'«;/c-/.„loga„^, 

I'-x'jc = 0,,,//,-a;/c) = i~x/c-|'/olog«v»;. 
whence L' — ty (47) 

x'= x-c^loga^^,. (48) 

4’he parameter ot^fj is thus a moastire of the separation of the relatively 
stationary memboi's A^^y of the oquivalonce, and the relation 
// “ I again shows tluit there is an absolute simultaneity, all mombom 
of the oquivalonce attaching the same o|K)ch to any evont. 

27. By the general thooiy it must be possible to find a rogradiia- 
tion of tlm clocks of tlie nniforin-rolative-motion oquivalonce which 
oonnecLs them with the stationary equivalence. By fornuila 
(14), a ^-equivalence 0 “ t is transformed into the 0-Gquivalence 
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0 ~ tologtltQ if 'we renum'ber the olook-reading t to I’oad r, wlioro 
r — ^(t) and x is given by 

= tolog{U%) 

= 8lQ\og(iltQ)+const. 

Choice of 8 and k con'espond to an arbitrary clioice of zero and Honlo- 
factor in r. We may consider in particular tlao I'ograduation of olookn 

T = tMtlk) + io> <**'’5 

■whioli makes r = fg and drjdt =1 at i — ^o. The signal funotioii 
== implying the signal relation 

beooinea on regraduation 

and the new signal fimction is 

which as before generates the relatively stationary equivalence. 


28. An accelerated equivalence. (3) Any number of otiier 
equivalences may be generated by suitable clioice of gonomtini^ 
functions. It has been sho\vn by Wlntrow and the writovf that rni 
equivalence in which relatively accelerated membem occiii’, tWs- 
covered by Leigh Pagef, can be generated by the funotion 

The signal functions are given by 


w = 


l-(f/gioga:pg 

To examine the relative motions in this equivalence, iJut 


80 that 
and 




vo = 




'pq 


-f Ztit€,filrAstrophy8. 15, 342, 1038. 

^ L. Page, Pkya, Ptvieiv, 49, 254, 400, 1930. 
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Thus, in the usual notation, if a signal leaves Ap at time by Ap’a 
olook, reaches A^ at time ig by Ag’a clock, and returns to Ap at time 
ig by Ap’a olook, then 

/ ii i 


Hence 

^^ _ ^pq 1 1 _ ^pq 

^0 ^a ^3 ^0 

whence 


Since 

we must have > 0. To determine the relative 

motion, we have if {t,x) are the ooordinatea assigned by Ap to A^ 
at the event at A^ whioli A^ records as at then 



whence 

1 1 2a„„ 

t—xjc i+rr/c ’ 

and therefore 

?! 4 ,^ Jo __/2 = 0 

Wo note that 

at a* = 0, ^ = 0, {dxjiU)^ = 0 and thus A moves from 

relative rest at Ap at i = 0. Now cliiTorentiate the last equation but 
0110, and put dxjdi — V. We get 


1 —7/c 1+F/c 

\t—xjcY (t+.r/c)* ’ 

or 

1 -F/c (i-a-/c)« /gs 

1+F/c ■ ■ {t+xjcY ~ [tj • 

But 

dti = (l-F/c)d«, dl^ = (l+F/c)d<. 


Differentiating the lost equation but one to give tlio acceleration, 
we got 

whence 

_- c/ - 4 - A -t- 1 

(l-FW* dt n [l + VIcj iJV-VIc) I, 

— 47 ”r| = == const, 

ri ^3/ ^0 

Thus the initial acceleration of is 2caj,JtQ] tlie aooeleratioii 
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deoreasefi as V inoreases, i.e. as t increases. The paper oited investi¬ 
gates several ourious properties of tliifl equivalence. 

29. A non-intersecting accelerated equivalence. (4) An equiva¬ 
lence of this description, in which the niembers never coincide with 
one another, is given hy 

Tliis may be investigated by the reader. 

30. The two scales of time. By the main theorem on equivaleiiooa^ 
all the apparently difiPemit equivalences generated by different 
functions ^ are so many different descriptions of that unique entity, 
the kinematic equivalence. The apparent differences arise from tlio 
different possible ways in which the 'clocks’ used by the particle- 
members of the equivalence may be graduated. In particular, clock 
gi'oduatious can be found bo that an equivalence is deaoribed as 
consisting of particles in uniform relative motion separating from a 
point of common coincidence; and clock graduations can be found so 
that the same equivalence appears to consist of relatively stationary 
particles. We can tlius use an equivalence to isolate two measures 
of time, i and t, one of which {i) is indetenninate to a multiple of 
a mononomial power, the other (t) of whioli is iudeterminato to a 
ohange of scale and origin. The question arises wliothor either of 
these may be identified with Newtonian time, tho time of physics. 
This, the next problem of time-keeping, will be the subject of Part II. 
It can only be solved by deducing by Icinematio metliods tlie dynamics 
of a particle. 

But since the 'uniform’ time of dynamics admits a change of origin 
and a change of scale without affecting the form of the equations of 
dynamics, we have a strong suggestion that it will bo the time r that 
is finally to be identified vitli Newtonian time. It can bo shown, 
in fact, that the relatively stationary equivalence is the only form 
of equivalence which isolates a oloclc whose readings admit of a linear 
transformation vitliout altering the apparent description of tho 
equivalence. 

31. Role of the constant (q. If, as we are anticipating, the r-scalo 
of time, or the time which lendem the equivalence stationary, is 
finally to be identified mth the 'uniform’ time of physios, it miglifc 
be thought that the r-measure of time was the more fundamental 
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of the two considered. This, however, is not so. For it can only be 
described with the aid of a parameter which ooonrs in the 
generating fuiiotion of the r-equivalenco, namely tp{r) = 

The ^-fonn of the equivalence can be described, on the other hand, 
by the simple generating function ^ iy from which Iq is absent. 
Tlie status of is not at all evident from the considerations so far 
advanced. It will be shown later that so long as wo confine attention 
to descriptions using the i-meflsiu'o of time, no parameter tQ makes 
its appearance; but that coiTCsponding descriptions in the r-measure 
of time always make mention of This is oonneofced with the cir¬ 
cumstance that the Z-oquivalonoo possesses a natm’al origin of time, 
t = 0, the epoch of ooinoidence of all its mombei’a. The value of t 
at any event may be oalled the age of the system at that ovoiifc. 
From the clock-regraduation formula 

it is apparent that i — 0 ooiTesponds to r — —oo. The zoro of time 
is thus inaccessible on the r-acalo, Tlie times t and t agi'eo at the 
epoch t = Zq. Consequently, if we want the Z- and r-soalos to agree 
afc the present epoch, we must choose Zq to bo the value of the age 
of the system on the Z-scale, reckoned from the natural origin of 
time. 

But there is no unforced way of introducing Zq if wo begin with the 
I'olatively sLationary oquivalonoo and r-timo, for there is no natural 
origin of time on tl\is scale. Tins will bocomo clear when wo come 
to construct oquatioiiH of motion. Those can bo consbruoljed in 
Z-moasuros with ease, and accordingly wo shall fii^at construct a 
dynamics in Z-moasure. It will prove to bo very different from 
Newtojiian dynamicvS. But it will bo shown to 2 mss into Newtonian 
dynamics on rogrnduating clocks from Z to t. 

32. Velocity-distance relations. We conclude this ohaiDter by 
Hho\ving liow to deduce the velooiby-distanco rolationsliq^ for any 
equivalence, generated by an arbitrary po.sitivo inonotomo function i/j 
possessing a unique inverse. Since, by (22) and (215), 


- m. 

(61) 


(62) 

II 

+ 

(63) 

i-m - o~^f(i.y 

(64) 


we have 
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No'VV' let X denote the diatanoe-coordinate at time t of the second of 


the two observers 

ooimeoted by the signal function 9(t). 

Then 

X = Hence 

t-j-xjC — 

(BB) 


t—x/c =: 

(66) 

Hence 

= >k~Hi+xlo), 


Hence 

_ ^-i(«+a:/c) 

(67) 


This is the desired relation between i and x for the pair of obsorvera 
oormeoted by the parameter a. Again, diiferentiating (65) and (5C), 
and putting dx/dt = v, 


1+vlc - 
i^vio = 


whence 


a (6fi) 

Using (66), (60), and (67) to eliminate a from (68), we have 
l-^vjc _ tff-^t+x/c) 

1—-a/c ^ 

This gives the velocity v in the equivalenoe ip in terms of the distance 
X of the paiticle at epoch /. 


33. Examples. (1) The uniform motion equivalence, 0(/-) = Tlion 

l+vjc t+xjc 
l—vfc i^xjc^ 

or V — x/U 

(2) ils(t) = sAitfloY'K 


Then 

or 

as in (1). 

(5) Take 
Then 

and so 


1—-y/c aj/c* 

V 


^(t) = i,log(</<o)+6. 
Ht>/c , 


or 


y = 0. 


These results verify the earlier theory. 
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THE THREE-DIMENSIONAL EQUIVALENCE 

34. Generalization to three dimensions. The idea of a linear 
oquivalonco is readily generalized to three dimenBioiifl. Take a penoil 
of linear eqiiivalenoes through a partiolo 0, aU the linear equivalences 
being generated by the same funotioii and reduce thorn all to 
uniform relative motion by suitable regi’aduation of 0*s dock and 
the same regraduation of all the other clocks earned by the members 
of the equivalencoa. Take a member of one of these eqiiivalenoes. 
Then the i}articl 0 -ob 8 orvers on any straight line thi’oiigh are also 
in uniform relative motion, and so constitute an equivalence, whence 

is also tlie vortex of a set of uniform relative motion cquivalenoes; 
Ajj'b relation to the members of any Unoar sot of particle-observers 
tliroiigli Ap is indistinguisliablo from O's, Now regradimto back 
again, recovering the i/f-oqiiivalenoos. In this way the private tliroc- 
climensional space of any member Ap of any of the original set of 
equivalences is populated witli equivalent particles possessing relativo 
motions compatible with their being equipped Avith oongiuont clocks. 
We may call tlio resulting sot of partiole-obsorvei's a three-dimonsional 
equivalonco, or, more briefly, an equivalence. 

It must bo emphasized that in an oquivalonco wc pay attention 
only to tlio nature of the relative motions, not to the density- 
distribution of particles. Tliat will come in later, as wo ailvanoo from 
kinematics to dyjiamios. So far we have boon considering ^ escribed 
motions; wo liave not yet considered how they can originate. 

35, Transformation formulae in general. But befoic we advance 
to dynmnicH, wo sliould consider the general transformation of the 
cooi'diuates of an event, and not merely the transformation (27), (28) 
of tlio previous cliaptor wliioli is concerned only wibli an event 
oolUnear with the two observers in question. 

Let E bo an event, A a given observer, a luombor of a general 
equivalonco. Choose an observer B, a inembor of the equivalence, 
near tlie event E. Then A and B will have a ooHain relative motion 
of approach or recession. 

Let a light-signal leave A at Oi)och by dock so as to exliibit 
to A the event E in question; let A then see E at epoch i.o. is 
the epoch of return to A of the signal reflected at 75. Similarly lot 
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Bb signal loav© B at epoch ^ by clock, be reflected at the same 
event Ey and return to B at epoch ^3 by B's clock. Lot and /g 
be the epoolis assigned by ^ to the events at B wliioh wei^e recorded 
by B as ooouiTing at B at epochs and Ijot Xy t be the distance 
and epooh assigned by A to the event E. Tlien 

a; - Mh-h). ^ = Wi+h)> 

so that a;/c = t+xjc = (1). (2) 

Since A knows B to be 'near* Ey A can regard Xy the distanoo of E 
from Ay as equal approximately to the projected distance of E on 
the line AB. 

A and B now make the following diagrams, A's diagram being 
constiaioted as though he (4) wei’e at rest, -B’s diagram being con- 



Fiq. 3. 


Btiucted as though he (j5) were at rest, A now defines the transvci’sc 
coordinate y of ^ as derived from A*s account of B'b obaorvation /g 
by the relation ^ (:») 

and he gets an alternative coordinate from JS^s observation /a liy 
the relation ^ (+) 

(We shall show later that rj = y,) 

Now consider B'b diagram of the state of affairs. By from his 
knowledge of A^b motion relative to him, can calculate the opoclis 
i[ and whioh he would attach to the epochs of the events at A to 
which A gives the epochs and ^4; and B Imows the distances x[ and 
^4 he would attach to the events. Accordingly B defines coordinates 
x' and i' of the event E (to himself) by means of the relations 

x'+xi = c(t'-i:^)y ( 5 ) 

n;'-ba;4 = (0) 


Observer B finther defines small members y' and t]* by the I'clationn 

= (7) 

= ( 8 ) 
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But since are tlio nasignmenta by B of cooi*dinateB which 

to A are (h>0)» Imve, by the one-dimensional transformation 
formulae of the previous chapter, 





■ ^i2(h)- 

(9) 

Similarly, 




(10) 

But, by (6), 


t[+xjc = 

t^-x^jc, 

(H) 

and similarly, by (0), 






^4 —— 


(12) 

Hence 


11 

“ ^ia(^ ^/^)j 

(13) 

by (1); and similarly 





i*-\-x'lc — ^21(^4) 


(U) 


Thus the Joi'm of the general transformation formulae (27), (28) of 
the previous ohaptor persists with our definition of the ‘small* 
coordinate x' of IS. 

We wish to doterinino the corresponding transformation formulae 
conneobing y and y\ or t] and t}\ By (3), 

(x-x,)^ 






( 16 ) 


From tliis we have to oliniiiiato and in terms of coordinates 
assigned by By (7), and tlio definitions of signal functions, 

and 1,-S = 

Hence, from (15), 

But a;' and y' are small numbers. Hence, losing Taylor’s theoi‘om, 
WG have 




1 . 0 . 


c ' c 

y = {unuw 




(16) 
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!£ the Bame oaloulationa are pui'sued with t] and 7 ^', we got by 
similar prooeeses ^ 

No^7 we wish to have t' equal to i( 4 +^)* Henoo (7) and ( 8 ) require 
= y. Hence y — 7?. 

36. Summary of transformation formulae. Summarizing, we 
have the set of transformation formulae in the form 

t'^x'ic = e^^{t-x/c), (la) 

= e,,{t+xic), (10) 

y = wmnyy', 

'where x', y' are tlie coordinates assigned to E by an obsorvor B 
near M. 

In general we see that the lateral coordinate y is altered on trans- 
formation from one member of the equivalence to another. Hut tn 
the case of the uniform motion equivalonoo, wliere 



we see that y =z y\ This ia the ti‘ansverse formula in the Loren tz 
transformation. It is easily seen that in this case, the relation y — y* 
holds for finite j/, since the transformation functions 9^^ and arc 
linear. 

37, Passage from one arbitrary observer to another. Having 
now passed from A to an observer B near E, Ave can readily pasH 
from any observer 0, a member of the equivalence, to any other 
observer O', a member of the same equivalence. 

Let 0, a member of the equivalence, observe two neigh boni^ing 
events and let O' (a member of the same equivaleiico) bn 

passing through E at the epoch of occuri*ence of E. IJ'or 0, tlio 
coordinates of E are to be for O', (^',0). Let the event bo 
(t+dt^x+dx,y) for 0, and (l*-\-di\x\y') to O'. Then by tbo trans¬ 
form at ion formulae established, 

t-\-x[c = 5ia(^), t — x/c = ^ 2 i(^ )> 

and y* = 
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From these 

+ dl~ = l^dt' 

Hence 

and thus, in all, 

dt^-idx'^+ifyc^ (x'^+y'^) 

unw ~ ^ ^ 

Notv I* is the epoch of E observed by O' at Ey and i'-\-dt' is equal, 
in the notation of the previous section, to 

depends on observations made by 0^ Further, by (7) and (8) above, 
depends solely on 0'*& m6asui‘os. Hence the right-hand 
side of (21) depends solely on 0\ Hence the left-hand side must be 
the same for all observers 0, (It should bo romemboi-ed that the 
function 6^^ inverse O^i are diffeix3nt for every dilTorent O, 

being the functions describing the motion of eaoh O Tvitli respect 
to O'.) 

The small number {dx^-\-i/^) may bo called the square of the spatial 
separation of the events Ey 7i\, in O's private Euclidean space. 
Calling it we have bliat 

rZ,* = dl*~dc^jc^ 

is the same for all obsorvors 0, members of the oquivalenco. 

Wo now want to express in terms of coordinates used by 0 
alone and tlie generating function i/f of the oquivalonco. Calling 
now the distance of E from 0, we havo 

t+rje ^ 0^^(i' + 0) =r. i/fo;iai/f-A(i'), 
t—rje = Oai(^0 ^ 

These two relations determine and t' in termB of t and r, which 
ai*© coordinates used by 0. Eliminating we have 

.l^^t+r|c)rHt^r|c) - 
This doterminoH i'. Now 




and 

Honoe altogetlier 
dB\ = 




{iU^—de^jc^) 


w{r\t+ric)r^(i-ricm^ 


( 22 ) 
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and this is the same in form and value for all membei^ 0 of tlio 
ec^nivalenae. Moreover, its value is equal to 

The number t* is an invariant, the same for all O’s* Hence 
could be multiplied by any function of i\ and still retain its property 
of being unaltered in form and value for all 0*8. Let us therefore 
attempt to determine a multiplier of such that after multiplica¬ 
tion its new value da^ is invariant under any regraduation of the 
olooka of the equivalence. 

38. Regraduatlon of clocks. As in the preceding chapter, lot all 
obaervere 0, members of the equivalence, furnished as they aro witli 
congruent clocks, regraduate these clocks from t to T, whore t = 

Under this regraduation, let the i/r-equivalenco become a T-oquiva- 
lenoe. Then os before, for the pair of signals ^ ^ 3 , botwoon 

any two members of the equivalence, wo have 

h ^ ^12(^2) 

and thus 

^8 = rng-rV«i3rt(n)* 

We may thus take ^ 

or i//T^h 

In the case of the observer 0' at the event JiJ, to which ho a-ssigns 
epoch coordinate t\ t' is an actual clock-reading, and so becomes on 
regraduation T\ where 

= x{T') = 

On the other hand, O^s coordinates for Ey namely (/,r), become now 
coordinates i2), where 

t+rfc = xiT+m> t^rje - xiT-Rh). 

We can now oonstruob the following short table for 0^’s metisiu™ 
of the coordinates of the events E and Ei\ 


Tyx^e 0 / coordinate 

1 i 

r 

T 

R 

Event -£/ 


0 

T' 

0 

Event Ej 



T'-\-dT' 

R' 


Formulae (23), being simply regraduation formulae, can bo applied 
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to 0”s olook-readings of the type i'±,r'jc, T'±B'lc, and so, applying 
them to the entries ooouiTing in tlie table, 

t’+dl'+r'Ic = x(T'-\-dT'+S'/c), 
t’+dl'~r'fc = 

whence using I’ = xi^') '^e get, on approximating and multiplying, 
dt'i-r'^jc^ = {dT'^-B'^lc^)[x'{T’)}^. 

The differential coefficient x'i'^') i® given by 

X'{T') = ,f,''¥-^T’yV-^'{T'), 

= i/'r'F-HT')- 


where 

Hence 

Hence 




But r', R' are the (small) spatial distances between E and E', Hence 
we can write the lost formula in the form 

dl'^-dc'^tc^ dT'^-dE'^jc^ 

Rewriting (22), we can put it in the form 


daf = dt'^-de/^/c^ = (dl’^-deyc^) 


{rrnnY 


and so similarly, in the 'F-equivalonco 
dSi - dT’^-dE’^jc^ 

The last throe formulae now show that 

dsl ^ dl'^-de'^jc^ dl^-de^je'^ 

- {>yrv)Y " iP'r^i+ricwrH^-r/c) 

= _ _ _ d'l''^-dE'Vc^ _ dT^-dE^lc^ _ 


{‘F'‘F-i('i'')}* T'T-‘(3'+ B/cYV'-V-^T- B/c) ' 

Call the common value of those fractions ds^. 'J’Jien it follows that 
the expression 


ds* = 


dl^-de^jc^ 


\fi'\jr\t — rjc)<ji'<fi~\t-\-rjc) 
dT^-dE^jc^ 

' W^-\T-Ricfy'^V-\T-\-Bjc) 


(24) 
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takoa tliD same value and the same form, for any two given neigh- 
bouiong events, for all observers 0, members of tlie equivalonoo and 
for all modes of graduating their olooks. 

39. Choice of metric. We can call tliis da^ the (squared) interval 
between tlie events E and and, from the j)roporty we have 
establislied for it, it can be adopted os the inetrio of spnoo-tiine for 
all ohseiwers 0, It is 2 l' public apaoe-time. Wo have ostablislied the 
invariance of fonn and value of this piu’ely from the definition 
and properties of the three-dimensional i/r-equivalenoe. 

The number de^ ia the square of tlie separation assigned by 
using the i-mode of gi’aduation of his clook, to two neighbouring 
events counted as simultaneous on O’s convention as to simultaneity, 
i,e. poseesaing for 0 the same epoch coordinate. The samo holds 
good of But it does not follow that because de^ hne boon 
oaloulated as if in a private Euclidean space for 0, therefore la 
to be oaloulate^l as if in a private Euclidean space. The exact position 
is beat explained through examples. 

40. Suppose again that a given obseiver 0, a member of the equn'^a- 
lence, regiuduates his clook £i‘om t to T, wliore t — Tlion in 

the usual way, if lie assigns coordinates (/,r), to an event on 

hia two distinct modes of olook-gi’adiiation, lie can write down 

l^rjc = x(T-Itlc) = ilj^F-\T-jRlc), (25) 

i+rjc ^ x(T+Elc) = fF-^{T+E/c). (2r/) 

Prom these, by taking differentials of each side and multiplying 
together, 

dfl^dr^lc^ ^ x\T-~Bjc)x\T+Rlc){dT^-dE^lc^). (20) 

But x'iT- E/c) ^ 

Similarly with arguments (^-hiJ/c), (t+rjc). Hence, from (20) 
_ _ dT^^dR^lc^ 

This relation, unlike (24), is merely the result of the application ol 
the differential calculus to the definitions of coordinates in terms of 
clock readings. Relation (27) refers only to a single observer; relation 
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(24) I’ofers to any pair of observers. Now combine (24) and (27), by 
eliminating di^ and Then \ve get 

dE^-dR^ 

This relation connects O'h measure of a small transverse distance 
using ^clocks with liis measure of the same transverse distance using 
T^-clocIcs. The interval de^ may bo oaloulated by 0 in terms of any 
sot of spatial coordinates lie oaves to usej relation (28) tkon tolls him 
what is the oorresj)onding rule for calculating dE"^ when he bus 
regi'aduated from itoT. 


41. Examples, For example, 0 may adopt a private Euclidean 
space, in which case he calciilatos according to the rule 




whore 9 and (f) are appropriately defined angiilaT' coordinates. Then 
when 0 regraduatos from I to T, so that his ^-equivalence becomes 
the 'F-eqnivalenco, the inotric in the 'F-eqiiivalenoe is, by (28), 


dE^ = dR^+7'^dO^+m\Wdcl>^) 


T^T-i(T- J!/c)y^"-i(y + R[c) 


(29) 


Hero r, i arc to bo oxiDvossod in terms of 72, T by (2fi) and (2C'). 
It is apparent that dE^ will not in general be Euclidean, and may 
involve T. 


42, 'J^'ako as a jjarticular exami^lo the case where ijf coitgsjjoikIs to 
the uniform motion equivalence, tji{l) = ty and 'F correspondB to the 
relatively stationary oqnivalonco, y(!r) — 2olog(77^o)‘l“^0‘ Then 

'FT-i(7'~i2/c)M^^V-i(y+7i/o) = 
wliilst if/tJj-^'^{l^rjc)ilj'ilr\t-\-rlc) — 1. 

The general forinnla (28) then gives 

de^—dr^ dE^—dR^ 

Tlie formulae of transformation of coordinates are 
i^rje ■= 


(31) 

(32) 



48 


KINEMATICS 


Tact I 


The important point to notice is that 0 may ohooso a private 
Euclidean space eitlier in ^measure or iT-measui’e, If he adopts it 
in ^-measure, then 

de^ = dr^-\-r^dB^-{-Qin^Q d(f>^)y 

and then, by (30), 

dE^ = (33) 

But, by (31) and (32), 

r = cIq R/ctQ. 

Hence (33) gives 

dE^ = dM^+{cto)hmlv‘{lilct„)(de^+sh\Wd<f>^). ( 35 ) 

Thus dE^ corresponds to a liyperbolio space. But if on the other hand 
0 adopts a private Euclidean space in T-measure, then 

and so, by (30), 

de® = dr“+c«2’-'-)"oiJ2(^/^*+8in*d d ^'^). (30) 

Now, by (31) and (32), 

and = (l^-r^lc^)lil. 

Hence (36) gives 

de* = dr“+c*(l«-)-Vc*)|^log|±^jV<?2+ain*5#2), (:n) 

This is the space that 0 must use in ^-measure if Iio tulopls a [irivato 
Euclidean space in T-meosure. It will be noticed that (37), unlilco 

(36) , involves the time-coordinate in the metric. The niotric (37) 
takes the same/om for all observers 0 in the oqiiivalonco, but its 
value, for a given pair of events, varies with the observer, just as in 
the case where 0 adopts a private Euclidean space in tlio unifonii 
motion equivalence, de^ = dx^-\-dy^+dz^ takes the sanio/om Inr all 
observers 0, but its value differs from observer to objiorver. 

(37) repi'osents a piimte space, 

43. A public hyperbolic space. There Is, however, a far moio 
important difference between (36) and (37) than the rolntivo Him- 
plicity of (35). Metric (36) can be shown to represent a public 
i.o. this dE^ has the same vahte for all obsorvei's 0, ns well as thn 
same form. To see this, we will first recover (36) from a dilToront 
point of view. 
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44. Let ufi attempt to find a olook regradnatlon such that the new 
epoch coordinate T of an event takes the same value for all ohaeivors 
in the equivalence. In particular, this ox)ooh coordinate must be the 
value assigned by the observer O’ at tlie event itself. Hence, using 
the transformation formulae from 0 to O', since O’ assigns a distance 
coordinate zero to the event, and since the epoch ooordinatos T and 
T* used by 0 and O’ are to be equal, wo have 

( 38 ) 

(39) 

Hence T - mi(T)+0iM (^0) 

But after regraduation the generating funotion W of the equivalence 
may be taken to be whore t = x(^’) ^graduation formula, 
Hence y _ (41) 

This must not only be an identity in T; it must hold good for all 
observers 0, i.o. for all values of the parameter o:i^ 2 * Houco the right- 
hand side of (41) must bo indoi3endeiit of Hence, bo make the 
term in cancel the term in must be a linear funotion of 

a logarithm, We take then 


X-hlj{T) = /olog(m)+^o> 

80 that T = ^olog *^ + (^^) 

^0 

or x(^') = 

The regradiiation t = xi^) known. The new signal functions 

0j^a(!r) are given by 


loggia- 

Relations (38) and (39) then give for the new distance H 


(43) 


^ = H^i 2(2’)-<^2 i(^)) = c^ologaia = const. 

Wo thus recover the relatively stationary oquivalonco. That is to 
say, the relatively stationary oquivalonoe is the only one which gives 
rise to an absolute simultaneity, sucli tliat the various obsoivem, 
mombei*s of the equivalence, assign blie same epoch to any given 
event. 

3C6C.Q3 
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45* The metric of the relatively stationary equivalence, oorrospond- 
ing to the observer O’s choice of a private Euclidean space in the 
uniform motion equivalence, has been obtained above, (36), Now 
the value of for the cose 0(i) = reduces, by (24), to 

But by (81) and (32), 

di^-dr^lc^ = e«(T-'oy/,(^iya_dJJ2/c2). 

Moreover, r ia given by (34). Hence, by actual obange of coordinates, 
(44) givea 

sinh2(ii!/c^o)(d0Hsin20 #^)}. (46) 

In this relation is the same for all observei's, mombers of tho 
equivalence. But the coordinate T now lias tho same property. 
Hence the value of the longer bracket in (46) is tho same for all fclio 
obaerveifl. But dT is also the same for all the observer, Henoo 

di2H(cg28inh2(i?/cio)(^J<?2+sin2e#^) (40) 

is the same for all the observers, members of the now relatively 
stationai’y equivalence. But this is just the spatial metric of 
the equivalence, as given by (36). Hence represents a jmblic 
space. 

In other words, if we choose for each observer 0 in tlie uniform 
motion equivalence a private Euclidean space 

and then regraduate each observer’s clock so that the eq nival once 
beoomea relatively stationary, then the corresponding spatial moasiu'ca 
dE^ of each observer by his regraduated clock are all equal and of 
the same form. Moi*eover dE^ is independent of the epoch coordinate. 
Lastly, the epoch coordinate of any given event is the samo for oaoli 
observer^ There is thus a public time and a public (hyperbolic) space. 


46. Ambiguity of contemporary physics. We shah sliow in duo 
course that this public time and public space are the actual time 
and space used in classical dynamics, whereas the time and private 
spaces of the uniform motion equivalence are those used in optics 
and in Maxwells equations. Contemporary physios thus has an 
ambiguity running through it, inasmuch as it confuses the timo- 
variables used in two distinct domains of investigation. 
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47. Recapitulation of the notion of an equivalence. An equiva¬ 
lence, as defined in the two ijroooding oliapters, is a class of typos 
of motion. The various members A, 7?, 0, etc., wlio satisfy tlio 
conditions A = R ^ (7 aro suoli that if any one luomber con¬ 
siders himself os ‘at rest', the relative motions of all the othora have 
^something in oommon\ This ^something* is the generating function 
t/f of the equivalence. We have seen that the equivalence generated 
by = t, for example, consists of particles in uniform relative 
motion, wliioh have separated from a common point at a common 
epoch. Wo Iiave seen also that any other equivalence, generated by 
some epeoillo function can bo transformed into the uniform motion 
equivalence by suitable olooJe-regraduation, and that accordingly 
there is only one equivalence. Moreover, an equivalence comprises 
a set of partiolo-obseiwers wliose clocks, in a woll-definod sense, can 
be desoribod os congruent to one another, and whicli therefore possess 
a oommon system of timo-lcooping. But so far wo liavo not imposed 
any density-distribution on tlio particles, mombors of the oqiiivalenoc. 

48. The free particle. Our next object is to identify one of the 
possible modes of clock-graduation of an equivalence with tlio ‘uni¬ 
form time' of Newtonian pliysics. This ‘uniform time' lias tlio 
px^oporty that a ‘fieo particle' in ‘empty space' is supposed to move 
uniformly relative to an ‘inertial' frame. But Newtonian pliysics is 
silent as to what constitutes an inertial frame. An inertial frame in 
practice is one that can be regarded as at local rest, and tlioroforo 
‘unacoelorated'. It is natural to regard the meinbom of an oquiva- 
lonco as defining standards of local rest, and wo shall puimio tlie 
consequences of this view. 

Tho concept of ‘a free particle in empty space' is, liowovor, besot 
with difficulties. Prima facie it implies that tho particle in quastion 
is not subject to any gravitational field, and tliereforo tliat it is at 
a large distance from any attracting matter. But the attracting 
matter of tho universe is aggregated into galaxies, which extend in 
unending number through space; and it is inooncoivable that they 
should ever possess a boundary. It is therefore impossible to con¬ 
sider a particle at a great distance from all attracting matter when 
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by 'great distance’ we mean an indefinitely great distance. It ifl 
therefore necessary to replace the concept of a 'free particle in empty 
space’ by the concept of a free particle in the presence of the universe 
at large, 

49, The homogeneous equivalence. In our abstract sohomo, 
having settled oui' modes of time-keeping, wo shall have to oonaidor 
the motion of a free particle in the presenoe of an equivaloiico. But 
if our analysis is to represent the effects of gravitation, it is oloaily 
necessary to impose a density-distribution on the eqiiivalonco. The 
most natural density-distribution to select for investigation in tlio 
first instance is clearly a homogeneous distribution, if such can ho 
defined. But a little investigation sliows that a crude dofinitioii of 
homogeneity in terms of equality of number of particles per xinit 
volume in the reckoning of any observer will not sufiico. For a 
distribution homogeneous in the experience of one observer will not 
necessaiily be homogeneous in the experience of another obaorvor. 
We cannot regard as satisfactory a definition of a lioraogenoouB 
equivalence as one such that iV, the number of particles per unit 
volume at epoch t in the experience of a given observer 0, is ovory- 
wbere the same; for to another observer the various contents of 
elementary volumes wiU he counted at different times since iii 
general another observer 0' will not regard as simultaiioous, ovontn 
which are simultaneous to 0. We must therefore genoralizo fciio 
notion of homogeneity. We do this by imposing the condition bliat 
N{ryt)j the number of particles at distance r at epoch t per unit 
volume in O’s measures shall be the same function of r and t to all 
other obseiwers, members of the equivalence. That is to say, that 
if the density distribution is N{r,l) to 0, and the same donaity- 
distribution is to O', then N = N' when (r,0* (^'*0 

respectively coordinates used by 0 and by 0' for tho samo ovoiit. 
If it Is possible to obtain such a distribution, wo shall call it tho 
homogeneous equivalence] and because of its fundamental imjDorbanco 
in dynamics, we shall call the homogeneous equivalence a subalrahm, 

50. Density distribution In hyperbolic space. Clearly when an 
absolute simultaneity amongst the members of an equivaloiico exists, 
the above definition of homogeneity must reduce to the ordinary 
one: the density must nob only be tho same funotion of hia coordi- 
natee to every obseiver, but must take the same value every whore. 
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Ifc follows that for tlio relatively stationary equivalence, the corre¬ 
sponding siihatratum density must be constant. Tlio spatial motrio 
giving a public space for the relatively stationary substratum wo 
saw to be 

dE^ — di?^+c^i§sinli*(7?/do)(d0^+8iu®^d^^). 

The volume element in this space is 

{clQ)^sm\i^R/cl^)mn 6 dddijxlRj 

and consequently the density-distribution for the relatively sfcationaiy 
substratum must be of the form 

N(clQ)^&m]\^{RlclQ)sm8d6d(l)dli, 
where ZV is a constant independent of 

51. The substratum in ^mea8ure. The question arises, What is 
the cori’esponding description of the substratum in uniform I'elativo 
motion, when ^-measure is employed? For tlio substratum in uni¬ 
form relative motion, the transformation formulae are of Loronbz 
type, and the doneity-distribution can bo found clirootly os follows, 


52. Let 0, O' 1)0 two observei's, mombei's of the oquivalence in 
uniform relative motion. Lot u, v, w bo tlie velocity-comiDonents of 
any member of the equivalence to 0, u\ v\ xt>* the velocity-com¬ 
ponents of the same member to O'. Tlion by the velocity-transforma¬ 
tion formulae, duo originally to Einstein, if (C/,0,0) is the relative 
velocity of 0' with respect to 0, wo have 


u = 


u-X] 


l^uUjc^ ' 


w — 


w;(l — U^lc^)^ 


l^uU/c^ * l-uUJc^ 

These velocity-transformation formulae follow at onco by diflorontia- 
tion of the Lorentz formulae connecting 0 and 0' (which we have 
obtained independently in §§24, 30), namely 

x^Ut] _ t-Uxjc^ 


X — 


Avith 




r = 


(i^u^lcy^ 


dx 


u = 


dx' 

dt'^ 


dy 

" dr 


y = y 

dz 


z = z 


10 


dt'^ 


Let now /o(w, w) diidvdio be the number of particles in the homo¬ 
geneous equivalence (or substratum) to 0, witli velocities lying 
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between u and u+^, v and v+dv, tv and w+dw. When 0' counts 
the same partioles, let him find fo'(u',v',tv')du'dv'dw\ Ib is to be 
noticed that sinoe we are disousBing the uniform relative motion 
equivalence, there is no need to include mention, in^^, of the epoolt 1; 
for the velocities aa-e oonstant. Then 

/o(^j V, tv) dudvdw ~ /q'^u', v', w') du'dv'dw'. 

But if the distribution ia to bo homogeneous, in the eenso defined 
above, we must have also 

fo — /o' = /. 

Bay. Hence f must eatisiy the functional equation 

T. . „ dhi,v,w) 

It IS readily found that 

d{u'yv',w') [i-XJtjciY 
b{u,v,w) “(1—tiH/cy' 

Hence / must satisfy 
/(u,u,w) = 

\l-ttC//c*’ 1 -mH/c* ’ \—uUjc^ I {l-uU/c^)*‘ 

for aU values of |17| < c, and two similar functional equations Avitli 
{ )0,0) replaced by (0, Z7,0) and (0,0,17). It can be shownj" that 
e most general solution of these functional equations is 

f(u, V, w) dudvdw =- B dudvdw . 

c3(l-(tt2+ca+«,a)/c2}i!’ ' ' 

where B^ is an arbitrary oonstant. This is therefore the volooity- 

stri ution in the homogeneous equivalence in uniform rolatlvc 
motion. 

Spatial distribution. To find the sjratio-temporal distrlbutio]! 

r^spon 'ng to this, we notice that for sufSoiently largo values 
of <, we must have 

^ t t 

For, the motion being uniform, we must have 

X = id-f const., etc. 

t A detailed proof was given In W. S, (1035). 



Chap, IV. § 63 


THE SUBSTRATUM 


65 


Inserting this in (1), we got that the number of partioloa inside 

dxdydz is 777 

^dx ay dz 



This must be N dxdydz, whore N is the parti ole-density at dia banco r 
at time t, as rookoned by 0. The number of particles, in O'b reckon- 
ing, at {Xyy,z) at epooli t is aooordingly, when t is sufficiently largo, 


Ndxdydz — 


Btdxdydz 


( 2 ) 


The density N at time i in O’s reckoning ^vill be found to satisfy 
exactly the hydrodynamioal equation of continuity 




(3) 


with u = x/iy V = yjty w — zjL (4) 

Moreover, the motion (4) makes all the members of the substratum 
coiiicido at i = 0 , in accordance Avith the general property of an 
equivalence. Hence if P is the vector position of a typical member 
of the equivalence at epoch ty N{Pyt)dxdydz the density-distribution 
of the substratum at P at epoch /, then 


whilst the velocity V of any member is given by 

V =. P/L ( 0 ) 

Relations (5) and ( 0 ) will now bo found to constitute an exact 
solution of the problem of obtaining a homogenooiia uniformly- 
moving equivalence. It may readily be verified, in fact, that if from 
( 6 ) and ( 0 ) wo calculate the partiolo-density distribution to another 
observer O' at epoch i' at position vector P', then wo find 


Bt' dx'dy'dz' 


54. Properties of the substratum, Tlie substratum or homo¬ 
geneous equivalence in uniform relative motion has many romarkable 
properties. In the first place it is not liomogoneous in the ordinary 
sense of Iioinogeneity in tlie instantaneous present of any observer 0. 
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Instead, it is distributed vnth epherioal symmetry round 0, ^vitli 
partiole-deneity increasing from B/cH^ at 0 to infinity at distance cl, 

0 is the centre of the distribution, in his own view, but if be moves 
his headquarters to any other fundamental particle 0\ a mombor 
of the subati'atiim, then it again appears to be distributed with 
splierioal symmetry round 0\ and with density inoroasing ouhvaixls 
from 0\ To any observer, a member of the system, the syetoin 
appears to occupy the interior of an expanding sphere of radius ci. 
There are no particles at the actual boundary, for such partioloB 
would be moving with the speed of light. The set of particles thoro- 
fore forms an open set of points. There is a natural origin of tiino, 
t ^ 0, at wliioh the system appears to have come into ©xistenoo, at 
the origin 0, But this origm may equally be taken to be at any 
other member of the system. We can therefore call t — 0 the ‘epoch 
of creation’ of the system. Every particle is in radially outward 
motion relatively to every other, with a speed proportional to its 
distance. No meaning attaches to the questions ‘What was, hoforo 
oreation?’ or ‘What is, outside the expanding sphere r = cl V Tlio 
system appears to create the space it needs, as it expands. To an 
observer inside the system, the system has all the proimrbios of 
infinite space, for it is impossible to assume a velocity which will 
take the observer outside the system. It is thereforo illegitimato to 
inquire what the system would look like from the outside; tho only 
legitimate observers are observeis inside the system. 

A distant, receding member, wiU assign to an event at hitnsolf an 
epoch where, if t is the epoch assigned by the observer at lioino, 
we have i' ^ i{l — F®/c^)h The particles near tho confines of the 
expanding system, for wliich V is nearly c, Avill therefore have very 
early local time. Hence if the particles ai^e conceived as having an 
evolutionary history, the particles near r = ct will appear to be in 
a very early stage of that history, very little removed, in fact, from 
the epoch of creation. The phenomenon of the creation of the syatom 
vnW appear to have only just taken place for particles near r ^ ct, 
and the singularity in density at the origin at time t = 0 ]\a« its 
counterpart in the singularity in density at tho distance r = ct at 
epoch t in the experience of 0. There are thus an infinite number 
of members of the eystem which in the view of 0 appear to havo 
only just been created. But it may be shown that whatever velocity 
0 acquires, lie can n^ver overtake events with local epochs earlier 
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than the epoch of the event of hie leaving home. Thus the flow of 
time to any observer is irreversible, and the whole system is in fact 
irreversible. 

55. Regraduation to give a relatively stationary substratum. 
Such is the description of the aubstratiun or homogeneous equiva¬ 
lence to an observer using i-measure of time, that is to say, to any 
observer (a member of the oqaivalenoo) whose clock is so graduated 
that the rate of recession of any other member apj^eai’s uniform. 
Let ufl consider its description to the same members when they have 
regraduated their clocks bo as to convert the uniform motion into 
station ariness. 

We know that the desired regraduation of olooks is given by 

where T is the label of the instant labelled i previously. The oori’e- 
sponding transformation of coordinates we liavo seen to bo given by 


T-li/c = l,logi-p^ + lo, ( 8 ) 

y-|-7J/c = /ology^ + V (9) 

These yield 

t — lQ^'^-‘^'<'coHh{ltjcto), (10) 

r = c/,(,e('^'-''>%inli(i{/c/o), (11) 

80 that — /!2g2(r-/oW.. ( 13 ) 


Wlien. the observer adopts a private iSiiolidoan space de^ in l- 
measure, lie takes the number of particles in the olomontai’y volume 
r^drdco (-where dw = ain 8 dOd<f)) to bo 

Blr^drdio 

cO{i^-rycY 

This number of particles is to be found in the eleiuont of volume 
r^drdw at the given epoch 1. The corrospomling difEerontials dB and 
dT are thoi-efore given, by (8) and (0), by 


dT dEjc = 

' l~r/c 

(14) 

aT+iRh = 

(16) 


-ivliore wo have put dt ~ 0. Tlio particle at {r-{-dr, t) is now found 
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Gtt {B+dRi T+dT)y but siiioe the parfcioles are now regarded 08 
relatively stationary, the same particle will also be found, at 
(iJ+iJS, T). Henoe if we solve (14) and (15) for dH^ this difltoL’ontial 
will include all the particles previously included in d/i' at epoch i. 


or 


dR = -—, 


(IG) 


Now let V be the spatial density in the apace of metric dE^ which 
corresponds to ^-measure, Then since tlie number of particles lu 
corresponding elementary volumes is independent of the apace 
adopted, we have, by (13), on using (10), (11), and (16), 


v(oio)^tdi^-BK) dRiko 


_ J9(^oe(^-<0#/oooah J2/c^o)(cfoe<^"^‘^-sinh Blclodltdw 

cS(i2e2(r-ao)a * 

which gives v = B/cHl. (17) 

This is the value denoted previously by (§ 60) and, as there 
anticipated, in the space dE^ the density is constant, indopondont 
of T and R, Moreover, it is equal to the density at the origin in 
^-measure, at epoch i — 


56. Description of the relatively stationary substratiun. In 
i-measure (uniform relative motion) the substratum is confiiioil to 
the interior of the expanding sphere r — ct, as we have seen. Now 
the position r = ci oorresponda in T-measuro (relatively stationiivy 
equivalence) to i? = oo. Thus the effect of regi'oduating obsorvorw' 
olooks from ^ to T is to project the interior of tho sphere r ^ cl in 
0^8 private Euclidean apace into the whole of the public liyporbolio 
space dE^, which extends to infinity. Instead of a singularity in 
density at r = ct, we have now an evoryv'^liero uniform density, but 
the total number of particles is infinite os befoi'e. Instead of l)oiiig 
concentrated towards the boundary r = ct, they are spread uniforjnly 
through infinite space. Instead of a density incroaeing outwards, aiul 
everywhere decreasing os time advances, we have a density stationary 
in time and constant in space. Instead of uniform outward motion 
we have a state of relative rest. Instead of tho epoch of any ovonl 
depending on the observer describing the event, we have a world- 
wide simultaneity. 
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67* Let Vq be the (constant) rooession velocity of a member of the 
substratum in ^-measure. Then Vq = rjt. Hence if is the corre¬ 
sponding (constant) distance coordinate in jT-measuro, wo have by 


(10) and (11), 


Vq = ctunh. Rq/cIq, 


( 18 ) 


This verifies at once that a member of the substratum in /-measure 
has a constant distance coordinate in ^’-measure. Moreover, as 

Tq Cf Rq —> CO. 


58* Fundamental particles and fundamental observers. Wo 
have called an equivalence in which the membei’s are "homo¬ 
geneously^ distributed a subalraium. Wo sliall call the members of 
the substratum fundamental ]}artides, and tlie observers associated 
with them fundamental observers. Every fundamental observer is 
equivalent to every other fundamental observer, and the clocks of 
all fundamental obaervei^ are congruent to one another. Every 
fundamental particle is equally the centre of all the others, and every 
fundamental observer sees tlie other fundamental particles aiTangod 
with spherical symmetry round himself in /-measm’O, or arranged 
uniformly in T-measuro, To the observer 0, there is, in /“measure, 
at every point r of the interior of the sphere r = c/ a characteristic 
velocity V given by F === rjt, in a direction outward horn 0. This 
velocity is proportional to the distance from 0, the coefficient of 
lDroi)ortionality being the reciprocal of the age of the system reckoned 
from the natural origin of time. 

It is clear from our oonsbruotio]! of an equivalence that particles 
wbli a motion other than the cliaraoteristic motion at any point are 
not equivalent to fundamental particles, and that tliey cannot be 
provided with clocks congi’uent to the clocks carried by the totality 
of fundamental observers. Fundamental observer's thus constitute 
tlie totality of observer's having a ooimnon system of time-keeping, 
and thus they are the only observers whoso descriptions of phenomena 
inside the substratum can be expected to coincide. The motion of 
the fundamental observers (in /-measure), or their state of rest (in 
^^-ineasure) constitute the natimal frames of reference for tiro descrip¬ 
tion of phenomena; and it is only to such obsoivoi’s that the laws 
governing such phenomena can be expected to bo identical. 

For example, not all frames in uniform relative motion are 
equivalent, but only those which separated fi'om the remaiuder at 



60 


KINEMATICS 


Part I 


tlie singiilar event, t ^ 0, A frame in uniform motion relative to a 
fimdamental particle vnll not in general be equivalent to the frainoa 
OBBOoiated Avlth fundamental particles. The principle of relativity 
of uniform motion is tlius confined to a inuoli smaller class of framos 
of reference than in ouirent physics, when account is taken of 
congruent time-keeping, 

B9. Application to the galaxies. The application of tlie theory of 
the equivalence and the substratum is to the system of the external 
galaxies. The displaoements of their spectral lines to the rod, inter¬ 
preted according to the rules of the Doppler effect, indicate that they 
are all receding from oiu own galaxy and from one another witli 
speeds proportional to their distances. We shall examine later the 
behaviour of photons, and their frequencies, in the substratum, and 
the interpretation of the red-shift when T-measure is used. But 
provisionally we can identify the external galaxias with fiindamentnl 
particles. Each nebular nucleus then determines a state of local resl, 
and a system of time-keeping congruent with our own. Tlio lawn 
governing phenomena, described by obsorvoi's located at the nebular 
nuolei, may be expeoted to be the same as the laws governing plioiio- 
mena in our own galaxy, viewed from the nucleus of our galaxy. 
But frames in motion relative to a nebular nucleus will not in gonoral 
be equivalent to the nebular nucleus concerned, or to oiirHolvos, oven 
if the motion be relatively uniform. 

If this identification is justifiable, it would appear bliat the oxtrii- 
galaotic nebulae separated from one another at a time ago given by 
the ratio of the distance to the recession velocity as about 2 X H)'’ 
years. This in i-measuie would be the ‘date of creation’, lint an 
infinity of other systems of time-keeping are equally legitimate, and 
in particular, in T-measure the ‘date of creation’ would bo ‘mimiK 
infinity * It therefore becomes important to attempt to idontlfy the 
time-scales used in describing the different kinds of physical pheno¬ 
mena with the time-Boales of our abstract theory. It must bo roineni- 
bei’ed that choice of time-scale never affects iihonomona, but only 
the description of phenomena, For example, since in the i-doacriptiou 
of the auhatratum the local time for events near the frontier r ri 
ifl very early, i.e. near i = 0, so the evolutionary stage of moinboi'H 
of the substratum at great distances in T-measure will also bo very 
early, in spite of the fact that the substratum is now static. 
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60* Transition from kinematics to dynamics. So far we have 
oonBidered an equivalence or a substratum as a given set of particles 
in motion. We have not examined whether, if a given state of 
motion exists at epoch t and there is a kinematically consequent 
state of motion at epoch then the one state will pass into the 
other state. For example, will the state of uniform motion in the 
i-doBoription of the substratum in O's private space continue of 
Itself? To answer these questions is to pass from kinemabioa to 
dynamioa. We theroforo address ourselves in the next chapter 
to the fundamental problem of dynamics, which is to asoertain 
the motion of a fi’ee test-particle in the presence of the substratum, 
We shall examine this question first in ^-measure. 
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THE MOTION OE A FREE TEST-PABTIOLE 

61. Use of the Lorentz formulae> Our object is to obtain the 
equation of motion of a free test-partiole in motion in any manner 
in the presence of the substratum. 

Let the subati'atum be described in ^-measure. That id to flay, lot 
the time-Boale be such that the fundamental particles are in uniform 
relative motion. Take one fundamental particle 0 as origin, Tlioii 
the velocity vector Vq of the fundamental particle at position veotor 
P with respect to 0 is given by 

Vo = P/«, 0) 

at epooh t. Since the fundamental particles form an equivalenoo in 
\mifonrL relative motion, the coordinates assigned by any h\vo funda¬ 
mental obsei'vers to a given event will be connected by tlie Lorentz 
formulae, Chap. II, equations (38) and (SO). It is convenient to 
estahlisli fh’st some consequences of tliese formulae. 


62. Properties of the Lorentz formulae. Take temporarily two 
observers in relative motion along the a;-axis separating with speed V, 
Then if they respectively assign coordinates {cc,y,z,l), ix',y',z',l') to 
a given event, the Lorentz formulae give 


x—Vt , , „ t—Uxjc^ 

~ (l-t72/c»)P ^ 


( 2 ) 


where we have chosen the positive direction of the .T-axia os from 
the observer 0 using unpiimed coordinates towards the observer 0 
using primed coordinates. We verify immediately that 








( 3 ) 


The same result follows whatever is the direction of relative motion 
of 0 and Consequently for any event (i,P), we liavo 

^2__p3/c2 = (D 

We shall call the common value of these expressions X. The quantity 
X is an hwariant, of the dimensions of the square of a time. 
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63. If the same observers 0 and 0* assign volooities (w, v, w)^ v*, w') 

to a particle, we have seen that 

„■ _ “-g _ "(I-PW ^ (6) 

Hence 

) »'•+»;;+<»■■ _ |i -g|/(i-^r7/c«i». (6') 

We Bhall pub 

i — j- ::o — ^ ' 


7' = 1 ^ 1 


y'fi 


( 6 «) 


It is evident that Y and are covariants but not invariants. 

Now consider the expression 

dx^+d7/+dz^ ^ 

where (tr-\-dt,ic+dx,y-\-dyjZ+dz)i (t^x^y^z) are two neighbouring 
events. We readily find 

dx^+dy^-\-dz^ _ ^^r^ (lv'^+dy'^+dz'^ 


If now the two events ocour on the path of a particle moving with 
velocity F, then dx = udl, dy = vdt^ dz = ivdt, and we have 

Y^di^Y'^dt', W 


so that Y^dL is an invariant. It follows that 


( dx dy dz cdl\ 

\Wdr Y^t' OT’ Y^di) 

obeys the same laws of transformation in passing fi’om 0 to 0^ na 


(.r, 2 /, z,cl). 


That is to say, 


\^Yi> yj> Yy 


also obeys the Lorentz transformation. Wo shall call suoh assembhes 
‘^-vectors'. Thus (P,cO and (V/r^(j/F^) are 4-vootoi^; we call P, 
and V/yi their ^space-components*, cl and c/Y^ their ‘tuno-oom- 
ponents*. (The coefficient c is used to malce all components of a given 
4-veofcor of the same physical dimensions.) 
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64. Now Qonsider dXIdt. We have 


dt 



P.V\ 
c* ) 


= 2Z, 


(7) 


gay. Henae ZjY^ is an invariant, sinoo X and Y^dt are invariants* 
The invariant ZjY^ is of tlie diraonsions of time. It follo-sva that Z 
is a oovariant. It foUows also that 


zixm 

ia an invariant, of zero physical dimensions. We sl\all call it 


65. It is convenient to summarize tliis notation, which vr\\l be 
adhered to throughout this book: (P,i) is an event os dosoribed by 
a fundamental observer 0, V is the velocity, to 0, of any partiolo 
passing through the position P at epoch t. Then 

V = dFjdt, (8) 

X = Y = Z = (9) 

f = Z^IXY, (10) 


The reason for this notation is to emphasize that X, 7, Z, ^ aro not 
oonstants, but invariants or covariants. The use of the second 
member 7 of the triplet X, 7, 2, to denote recalls tlio use 

in 'special relativity' of (the second member of tlie triplet a, fi, y) 
to denote (1—I7^/c^)*, where U ia an observer’s velocity relative to 
some other observer. But in the present notation, V always donotoH 
the velocity of a particle. Since X, 7, 2, | aro respeetivoly of 
dimensions 2, 0, 1, 0 in ty the physical dimensions of any proposed 
combination of them is apparent at sight. 


66 . Problem of the free test-particle. Wo can now investigate tlio 
problem of the equation of motion of a free test-particle in the sub¬ 
stratum. Consider a particle (not a fundamental i)articlo) passing 
through the position P at epoch t with velocity V, all as measured by 
an observer 0 at the origin. Then this free test-particle will luivo 
some particular acceleration dVjdt. This aoceleration may dopond 
on P, V as arguments; and it may involve also the conventional 
constant c and the coefficient B defining the density in the Bub- 
stratum. The variables P, V must be considered as capable of 
independent variation; for through any arbitrary position P, at an 
arbitrary epoch we can suppose a free particle, j)assing, or pro¬ 
jected, with an arbitrary velocity V. The complete trajectory of 



Olmp.V, §00 THE MOTION OF A FREE TEST-PARTICLE 


05 


the free test-parfciole should bo obtainable by integration of the 
differential equation obtainocl by cletorinining dV/cK, the instan- 
tanooiiH acooleration as measured by 0, as a function of P, i, and V. 
Tlio question arises whotlier iliis function oaii be found without 
appeal to any empirical pliyaioal laws. If it can, wo shall have bridged 
the gap between kinomatios and dynamics, a gap hitherto as definite 
os tliat between the mineral and vegetable kingdoms. 

67. Tiio question whether this prabloin is soluble without physical 
appeal is a question in pure logic: if a free test-parti ole is moving 
tlu’ougli the ]:)osition P at instant L witli velocity V (all with rofemnoe 
to a fundamental observer 0 as origin) in tlie proseuoo of the sub¬ 
stratum > is it possible to infer its aooeloratioii dW/di purely from the 
definition and pr<)x:)ortios of the substratiini V Tliat is, can wo estab¬ 
lish a dymtmical theorem from tbo properties of the substratum defined 
purely kinomatioally ? 


68. Tlie 4-vector form of the equations of motion of free test- 
partlcle. To investigate this, let us consider iiiatoad of the 3-veotor 
d\ldty the ({oiTosjionding 4'Veotor 


J^d/y\ 1 d/cA 
YhU\Y^I' 


( 11 ) 


Wo wisli to express tins as a fiinetioii of P, and V. Now this 
4-ve(!t()r can be resolved along the only 4-vectoi‘a at our disposal, 


namely 


(P,c/) and 



( 12 ) 


And when it is ho imdvod, the (inefTioiouts must bo 4-HcalarB, for if 
not, an ineonsisteney would arise when the obsovving hmidquartors O 
was transformed to another fundamental olmervor Moreover, the 
coelfieientH must be sneli that (II), wlion exprossed as a linear 
funetion of the 4'-veotoi‘s (12), is of dimonKioiiH orui in length and 
minus two in iiino. (We can of eourso altoriiativoly consider all our 
variables as having only iime-diineiisions, but \vo tlion need to ensure 
that they continue to l)o eoiisistent with one anotlior under change 
of c; this comes to tlu^ saine tiling; lactoVH of tlio ty|K) cl are 
enliven ion tly deserihed as having tlio dimonsions of a length.) 

Now the only invariant at our disposiil of diineiisioiis minus two 
in time is \jX\ lioiice tlie only way in which the 4'Voolor{P, ct) can 
ap[)ear in tlio expression for (II) is witli a/A aw coollicioiit, where a 

3B9B.0a 1 ' 
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is a 4:-soalar or invariant of zero dimensions. The only invariants 
at oiu' disposal of dimensions minus one in time are Y^jZ and X~^; 
it is immaterial in the sequel whioli of'these we take; hence the 
4-veotor (V/Ti.c/r*) can. only appear with ^Y^jZ as a coeffioient, 
where j3 is again a 4-soalar or invariant of zero dimensions* Hence 
the expression for (11) as a function of P, V must be of the form 


T*dArv 

1 d / 0 \ _ ct qY^ c 

T*di\Ty " F’ 

Differentiating out the first left-hand aide wo get 

Y di +r‘ di\rv z y‘ 


Multiply this last soalaiiy by V/c*. Tlien, since 


(16) yields 


d m _ j_/y 
dihv “ dlj’ 

n 1-7\V dV _ a P.V )3 
\Y'^ Y^ jc^'dl ~ X c® "•'Z c«’ 


or 


V ^ ^( _^) £( j,) 

r*ca (it '^Z^ ’ 


( 13 ) 

(M) 

( 16 ) 

( 10 ) 

(IV) 


But (14) gives 


J_V ^ 

di ~X^Z' 


Comparing (17) and (18), we see that wo must have 


or 


4+4=0, 


( 18 ) 


(19) 


Hence the 4-vector form of the equations of motion, (13) and (14), 
becomes 

( 20 ) 




( 21 ) 


The coefficient a is a 4-8calar of dimensions zero. Tlic only 4-scalar 
of dimensions zero at our disposal is or Z^jXY. Hoiico cc must 


he a function of f, say 


« - G(^). 


( 22 ) 
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Hence the equations of motion (20) and (21) take the form 

69, Tliree-vector form of the equation of motion. Those two 
relations amount to four scalar relations of wliich tlio fourth (24) can 
be dodiiood from tlio first threo represontod by (23). In other words, 
the time-component relation (24) is a oonsequence of tho 3-veotor 
space-component relation (23). This is readily seen by multiplying 
(23) soalarly by V/c^, when it gives 

mi 


iVdV l^YVdY G{^)L. _ 

y?-W+-yr 


OT 


JLZ 

yt ci 


dv _ a(0(, z\ 

' dl ~~ X \ Y}’ 


wliioli ia just (2']-). 

Wo can readily derive noAV an equation for dVJdl itself. 
(23) gives ^ ^/p_V^\ 

Y dt'^Y^y' dl}"" X i W’ 


(25) 


Per 


V dW 


substituting in this for from (25) wo get 


Hence ^ = ^(P_V/.)ff{f). (20) 

Tliis is a pure .‘hvoclor relation, but its form is invariant under a 
Tjoinnt/i transibrination from O to any otlior fundainontal obsorvor 
O'. Tim same is Iruo of (23) and (24), lus is roadily rocogni/.ablG Irom 
their form. Tlio tinio-o()m]>onont <!oi’i'os])on{ling to (20) is the iclontity 

c being of coui'so a constant. Tliroughoiit oin* analysis wo shall liiul 
two strands of oc|iiiitions, tlio Lorontz-io variant 4-veotor oejuations 
of tlio tyj)o (23) and (24), in wliioli the va-rioiis terms aro ooinpononts 
of 4-vootorH, and borontzdnvai'iant 3-veotor cHjuationH of tlio typo 
(25), in wliich the tor ms aro 3-voctoi*H hut not tho space parts of 
4-voctoi‘s. 



08 


DYNAMICS 


Part H 


70. Conversely, from tlio 3-veotor equation (26), it is possible to 

deduce both (23) and (24). Scalar multiplication of (26) by V/c^ gives 
(24) at once, and then on constructing by direct dilferentiation tlio 
4"Vector component ^ dIY\ 

and using (24) we recover (23), 

71. The substratum as a dynamical system. From (20) a funda¬ 

mental deduction can be made. The acceleration dY/di. vaniBlios if 
V is such that P—Yt~ 0, i.e, if Y ~ Pjt. That is to say, if a free 
test particle has the velocity of the fundamental particle in its 
neighbourhood, its acceleration is zero, and so it continues to aocoin- 
pany the same fundamental particle. But tJiis is tis much as to say 
that each fundamental particle beliaves as a free particle. The 
fundamental particles were first to move with the velooitics 

Vq = P/t We now see that they m\\ maintain this motion of their 
own accord. In other words, the substratum, originally defined as 
a kinematic system, with prescribed motions, is also a dynamical 
system, wliich will continue in the prescribed motion by itaolf From 
one point of view this is self-evident, since each fundamental observer 
regards the particle on wliich he is situated as central amongst the 
rest of the particles, and therefore without any tendency to ho 
accelerated in any one particular direction. But it is reassuring to 
have an analytical proof 

72. The dimensional argument. A word may be said at this stage 
concerning relation (22), a = If the substj'atum contained in 
its description a scalar constant of the dimensions of a time, we could 
combine this Avitli X to obtain another argument of dimensions zero 
in the time, and a might be of the form a = (7(^,X). But tlio only 
constants oocun'ing in the description of the substratum are c and B\ 
of tliase c is of the diinensions of a velocity, and the value of /i, wliich 
is dimeusionleaa, must be iiTelevant to the properties of tlio sub¬ 
stratum, ainco it is entirely arbitrary what we c)loose to count as 
a pai'tiole. If the substratum had been constructed an a niodol of 
the universe, any combination of'constants of nature’ of the dimen¬ 
sions of a time might enter into the expression for a as a function 
of X. But we are considering the substratum simply as an abstract 
concept, not oa a model of some physioEil system; and the motion 
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of a free test-jjarMole in its proaonoo must bo capable of being atabecl 
in terms of tlio abstract properties of the conceptual substratum. 
Since no 'constants’ occur in the definition of the substratum except 
tlio conventional c and B, only these can occur in the description 
of that property of the substratum which is reprosonted by tlio 
equation of motion of a free tost-particle. And thus a can depend 
on f only. This lino of argumont wa^^ originally called 'the dimen¬ 
sional liypotliesis’, but it lias become clear tliat no hj/pollteda what- 
over is involved; tlie substratum is a kinematic entity, whoso 
properties must arise simply in virtue of the construction or definition 
of tliG substratum. In particular, tliat property of the Bubstratum 
wiiicli is roprosontod by tlie equation of motion of a froo test-par tide 
must bo derivable, if at all, without rofovenoe to constanls of nature, 
which play no i)nrt in tlio construction of the substratum. 

73. Problem of the determination of The next question is: 
Ih it ]K)9Hil)lo to go further and actually ascertain the form of 

in (23), (24), and (20)? 

A little consideration shows tliat it is not so possible without 
considering systems of particles in motion more gonornl than a 
substratum. In deriving (23), (24), and (20) we have used the cir- 
cum stall CO that the acceleration of a fi'oo tost-particle must be of 
dimensions one in lengtli and niinuH two in time; and we have used 
the fact tliat from its definition all rundamontal observors in the sub¬ 
stratum are o(]uivalent and in uniform roJativo motion. Hut wo liavo 
not fully nH(’-fl tlio fact tliat tlioro is at each |)osition P in tlio anb- 
stratuni, at every ejioch I > 0, a iinicjiie velocity Pjl. We have 
used tlio hujt that each finidamoiital observer (f in the Hubstvabiim 
is equivalent to every other fiindanieiital observer ()\ but oquati.oriB 
of JiioLioii of the form (23), (24), and (2h) Avill hold good for any 
system whinli prosorvos the oiiuivaleneo of all the fumiainGiibal 
obsorvors. 

74. Hydrodyiinmical and sliitistical systems. Now the snb- 
stratiim in /-meaHure, as considiu’od iii the jirevioiis cluipfcor, is 
essentially of liydi'odynainic^al eluiraoLor. 'riiore is a unique velocity 
of How at each olisorvor, namely the recossion velocity Vq — P/b 
and liio [lartiolo-density distribution satisfies the liydrodynamical 
equation of oontiiiuity. Wo can, however, oojisidor more goncralii^ied 
systoiiis, whicli bear tho sanio relation to a substratiiin as a gas 
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iDeai'fl to a liquid. We can oonsider a system huoIi that at each point 
P at epooh i, there is a velooity'distribution, and then arrange this 
velocity-distiibution so that it is described in the same way by every 
fundamental observer. In the presence of such a distribution, the 
equation of motion of a free test-partiole will still retain tho form (23), 
(24), or (26), with pmsumably some function Q{^) depending on the 
form of the velocity-distribution function. It is clear that until wo 
introduce the negative property of a substratum that it is not ono 
of these more general systems, we cannot expect to fix <?(|). 

It is notoriously chfiBloult to introduce a negative property, and so 
to derive the form of 0{^) from the property that the substratum i& 
not ft statistical system with a velocity-distribution at each pomt, 
but a hydrodynamical system with a characteristic velocity of flow 
at each point. The only metliod I have found capable of doing this 
is to study statistical systems compatible with the equivalence of 
all obseiwei^ 0, and then reduce the statistical systems by a limiting 
process to tlie hydi-odynaiuical substratum, or, alfcemativoly, give 
a physical inteipretation of the acceleration deduced for statistical 
systems. 


75. Fixation ofG(^) for a substratum. The details of this analysis 
are given in Part III below, Clmpter IX. T'he rosulb is to establish 
that for a substratum, the function 0{i) is given by 


(27) 

Accordingly tho equations of motion of a free test-parbiolo in tho 
presence of the substratum (23), (24), and (20) take tho form, in 
4-YOCfcoiS, 1 ,7/17 \ 1 / 

V~ , (28) 


(28') 


1 diy 

\ U 

r* dth' 


1 die 


dl\Y 

y = ~si 


which in turn am equivalent to the S-voctor equation 


dt ^ 




(29) 


As before, (28') is the time-component equation corroaponding to 
(28), and between (28) and (28') there is one identical relation, so 
tliat (28') is deduoible from (28). 
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76. An integral of the equations of motion. We sliall now show 
that 

= const. ( 30 ) 

ia an integral of the equation of motion of a free particle. Wo have, 

ft = ZjX^Y^, 

by direct difforontiation 
1 


Yi dt 

<IZ 
dt 


* -Ti n * ~Tr • 


c2 C» ■ cU 


dt 


rv <iv\n 

Yi\z dt x'^\c^-'^)Yj 

,1 r/ 

Now 
Hence 

Substitute in this for rfV/dl from. (20). Wo got 




1 df* 

fY 

1/P 


y‘ dt 

Yi\z X~ 

c®\Z" 



4—J 

■l-f . 

(P*-(P.V)/: 

(P.V)-VSA) 

]>< 

1 

1 

1 

I 

1 

1 




XYi 

' 1 





~X^~ 

f*A"* ' X ^ 

^ A‘ A / 


s 0. 


It follows that ia constant along the trajectory of a free xmrtiolo. 
Wo shall now doHne tlio iw-rtial maun of n particle moving through 
tlio position at epooli t with volooity V, relative to a fundaniontal 
observer 0 at the origiii, as Af given by 

M --- (31) 

where wi is a constant oliaracteristic of the particle, Written out, 

M /—P.V/r,2 

-- ’'''(r-V2p)i(riZ:p^ (31') 

77. Some properties of the muss of a pur tide. Since fJ = const, 
is an ini-o^ral ol tlio motion ot'a iron ]mrbiol( 3 , bho mawH M in connOaiifc 
along tlio jiatli ol a Iron parliclo. HMio intujH of tho lnndanionUil 
partiulo at tlio origin is ohtainocl by putting P = (), V -= 0 in (HI'), 
and taking vi say, whor(3 is tlio oouHtanb oharacteriHUo of 

fundamontal particlos, 'I’lio nvsult in 

M ~ hIq. 


(32) 
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Now oonsider the maes of the ftindamontal parfciolo at Pq at epoch 
moving accordingly with speed Vq = Pq/I- Putting V = Vq PJt 


in (31') Tve get again 


M = mn 


(33) 


Thus the maasea of all fundamental particles are equal, 

Now consider the moss of a particle at the origin moving with 
speed V< Putting P =: 0 in (3P) we get 

m 




(34) 


(l^VVc^)* 

This formally agrees \nth Einstein's definition of mass. But tliore 
is an essential difleieTice between (34) and Einstein's formula. In 
the present work, since is an invariant, the mass M is an invariant^ 
takmg tlio same value whatever fundamental observer 0 is chosonH 
Relation (34) gives the particular cose when the fimdanieiital 
observer 0 coincides, in position but not of course in velocity, with 
the particle concerned, In Einstein's formula, on tlio other hand, tlio 
frumo of reference and accordingly the velocity V are arbitrary; 
the mass is effectively the fourth component of a 4-vector, and can 
take any uumerioal value whatever depending on choice of frame 
of reference. In the present dynamics the mass of a particle is per¬ 
fectly definite, and independent of whatever tundamontal frame of 
referonoo is chosen. For example, in Einstein’s mechanics, distant 
fiindainental particles, moving with speeds approacliing c, would be 
regarded as possessing very large mosses; in the present (lynainice, 
all fundamental particles have the same mass. It will api)oar in tbo 
next oliaptor that with an appropriate definition of rate of por- 
formauco of work, the energy E of a fitie particle in motion is given 
by This again, though formally identical with Einstein's 

mass-energy relation, must be sharply distinguished from it. Pov on 
Einstein's mechanics, distant fundamental particles have largo stores 
of Idnotic energy, owing to their motion of recession; on the preeonfc 
mechanics, they have no more energy than a fundamental particle 
anywhere. 

Again, consider a particle at P at epoch i at rest relative to tho 
observer 0 at the origin, so that V = 0. Thou (31') gives 

in 


M = 


(35) 


(i-pycH^y‘ 

The excess of this over m can be regarded if we like as potential 
energy due bo the gravitational field of the substratum. For with 
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our subsequent definition of work it can be Bhown to be 1/c® times 
the work required to bring it fi'oni rest at the origin to rest at P at 
epocli 1. But it is perhaps preferable to notice t)mt since F/t ia the 
velocity of the fundamental particle at P, (3fi) may be written in 


tlie form 


M 


7n 

(1—Vl/c3)i' 


(36') 


wliicli exhibits the mass of the parbiolo at rest at P relative to the 
observer at 0 as arising from its velocity relative to tho fiindamontal 
partiolo at P, wliich is moving with velocity Vq = P/t. The funda¬ 
mental obsorvor 0 at the origin regards the partiolo in question as 
at rest, and its energy aooordingly as solely potential, but the funda¬ 
mental observer P in tlio vicinity of tho particle in question regards 
its onorgj^ as kinetic, aj’ising from its motion. Thus mass or energy 
may bo regarded at will as purely potential or purely kinetic, depend¬ 
ing on choice of observer. 

It is readily sliown tliat > 1 unless tho ciroumstaiicos of motion 
are those of a fundamental particle. For we shall Imvo > 1 
ju’ovidod > XT 


or (l-Pyjc^F > (^“-PVc")(l 

or + > 0. 

This (juadratie in I will bo always positivo provided 

(P.V/r2)2 < (V2/c2)[P‘Vc2-{p2V‘*i-(P,V)2}/e^l, 
or (PaV)2(1^VVc2) > 0. 

1’hiH condition is satisfied unloss V iB purallol to P. In tliat case the 
(piadratic in t rodiices to 

(V/-P}2 > 0, 

wlii(5h is sn.tiHficd save when V — P//, i.o. whoii tho motion is that 
of a rundainenfcal parti(jlc. In that case = 1. 


78. Variatloiinl principle for a free particle, 'flio equations of 
motion (2H) and (28^), or (21)), can ho shown to bo roproducod by 
either of the variational ])riiici])les 

s / ' 

Wo first notico that from their Ibnn, cuudi integrand is a l-scaiar, 
and thorofore tho resit I ting equations of motion will bo Loronb/,- 
invariant, 
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Consider now tlie variational principle (36). TJio coiTospoiiding 
Enlerian equations are 



df 8 
dt\8y 

©1- 

.AI^-0 

0p Z^ ’ 

whioli gives 

H- 


P71 

-i— — 0 

dt\ 

Z‘7V 

Xi ~ ■ 

Or 

1 d(^ 
Z* dt[Y 

x> 

or 

} 

1 dn 
7* dt\Y 




(37) 


which, is (28). The variational principle (36^) follows from the fact 
that it may be wiibten in the form 


since = const, is an integral of (30). It can also be shown that 
(37) may be derived from (36"). 


79. Interpretation of the equation of motion of a free particle. 
The equation of motion (26) can be integrated complotelyf and tho 
con’esponding trajectory found in i-moosure. It is of inoro sigiiifl- 
oanoG, however, to proceed now to derive tho corrosponding equation 
of motion for the relatively stationary equivalonce, and to interprot 
the latter pliyBically. 

Previously, when wo have considorocl tlio regi^aduation of clocks, 
we have named the clock-readings t before regraduation ajid T after¬ 
wards. We shall henceforth use t to denote the I’ograduatod clock- 
reading in the relatively stationary equivalonce, and to donoto also 
a typical time-coordinate derived from measures witli tho rogradimted 
olooks. Thus the regradiiation which transforms tho uniform rolativG 
motion equivalence into the relatively stationary oquivalencG ia 


Here is the epoch 
(38) gives 


T-iolog(W + V (38) 

t at wliioh r ~ t\ and at tlie same epoch, since 


dr ^ dl 


(30) 


we have 


dr = dt. 


Thus at ^ — r = Iq, the t- and ^-clocks agi’ee in both epoch and rato- 
t Proo. Roy. Soc. 154 A, 48. 1030, 
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If the event {ty P) in ^measure is desoribed as (r, 11) in r-meosurOj 
then we have from the light-signals ^ ^a, Tg, 

|P| = ■Jc(/3—Z^), t = 

|n| = Ti), T = i(T3+ri), 


whence approximately for distances [P| small compared with ct we 


have 


|P| = “ini-i|ni, 


80 that 
Hence 

or 


V 



cZP _ EC I dH _ n dll 

V^-=:= — 
i~~ dr' 


(40) 


(41) 


Tims, as soon before, the velocity relative to the neighbouring funcla- 
montal particle, V—P/Z, becomes tlio velocity dlljdr in tlie relatively 
stationary substratum. 

Por spoodfl (V| amall compared with e, and distances [P| small 
comj)arod with cZ, the equation of motion (29) reduces approximately 


to 


dV P~VZ 

dZ “ Z2 ^ 


<42) 


or 



(43) 


Koforrod to tlio I’clativoly stationary oc|iiiva]oiico, thin bocomos 


(Zt\ dr ) 


:== 0. 


(43') 


'J'lins the ap 2 )roxiinate equation of motion in r-moasiirG is simply tlio 


statement 


(iccckralion “ 0, 


(44) 


where tlje acceleration is moaBurod rohitivo to the relatively stationary 
substratum. Ihit this is the Newtonian eqmiti(m of motion of a free 
particle in empty .space. It IbllowH at once that r is tlio timo-variablo 
of Newtonian pliysics. 

Tins is a most imimrtant result. It shown that in the Newtonian 
scale of time the fund amen tal partdclos, which correspond to the 
nuclei of tlie galaxies, are to bo ooiiHidorod as at rest. It shows 
also, sinco t is a |)iiblio time, the same (for a given ovont) for all 
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fundamental obeervois, that Newtonian time gives an absolute 
simultaneity throughout the universe. It shows that in Newtonian 
measures there is an absolute standard of rest throughout the uni¬ 
verse, and that the universe extends to infinity in all diinotions, mid 
contains an infinite number of oxbra-galaotio nebular nuclei. 

80. Acceleration In i-measure as a gravitational effect. Tho 
transformation of clocks (38) has, further, transformed away tho 
acceleration on the right-hand side of tho approximate equation of 
motion (42). Tliis acceleration, the value of dYIdt in i-measum, may 
he considered as the gravitational pull of the substratum on tho frco 
test-particle. Tlio vector P—Viis the distance of tho particle P from 
the apparent centre of the substratum in tho frame in which P is 
at rest. Calling this distance r, tho approximate value of tho accelera¬ 
tion in the substratum is 

dt ■” 

where i as usual is tlie epoch of the event (P,/-) measurod from tho 
natural zero of time, i.e. t is the age of the sy.stoin to tho observer 
at 0. Let us identify this acceleration witli the Nowtoniaji atbraction 
that would be calculated for the vicinity of tho conti’o of the siib- 
stratum in the frame in which P is at rest. Since tlio particle density 
of the Bubstmtum in f-measiiro at the ob.servor O is, by (r)),01ia]). IV, 
theNowtonian attraction at distance r is tluit duo to a spherical 
mass of amount . „ . 

^TTITIq ±5T 

If y is tho Newtonian ‘constant’ of attraction, then cqijating tlic 
results of the Idneinatically calculated acceleration to tlio classically 
calculated acceleration, we get 

y ^TTWio Br^ r 


This gives 


y = 


cH 

^HqB^ 


Thus the Newtonian ‘constant’ should bo actually variable in time, 
increasing proportionally to tlie epoch, Tlie niiiss B has a ainipio 
physical interpretation. If we take a spliere of radius equal to tlio 
radius of the universe, cty in ^-measure, and fill it with matter, homo^ 



Chap, V. §80 THE MOTION OF A FREE TEST-PABTIOLE 


77 


geneoitflly, of the same density as the mean density of tlie universe 
near ouraelvoB, we get a total mass of 

^ = ^o> 


say, Tliis gives y — —. 

Mq is the mass of tlio equivalont homogeneous universe. (The eub^ 
stratum, in /-measure, is not of course homogeneous, and its true 
masB is iufijiito.) The numerical value of Mq oomoa out at approxi¬ 
mately the same number of grams as tlie number of gi’ams usually 
asaignod to the actual universe in tl\o "gonoral relativity’ thooiy. 
Taking /~2xl0® yoai's, ^ 2x 10^x3*16x 10^ seconds, and the 
present value of y as 0*00 X 10-® C.Q.S. units, and tlio value of c as 
3 X 10^“ cm. Hoc.-i, the value of Mq is given by 



27 X 103^>X 2X 10^ X 3*1/5 X 10^ 

o-ooxTo-® “ 


2-/j 5 X 10^® grams. 


We shall see later that wlion wo come to transform the general 
equation of motion of a particle in a gravitational field from /-meosiiro 
to T-moasure, then the ‘constant’ of gravitation appeal's in the form 


Yo = 


i>/o' 


and is thus a constant in tlio oquations, although its numorical value 
(lepoiHis on (q. 


81. it is a coiiHocjuenco of our tinalysis tluvt tlio general homogonoous 
(listrihutioii ol“ the nebniuo iu r-mea-sure oxorfcs no not gravitational 
pull on a fnMi U^st-particle. Tims when Newtonian time is employoc], 
a ])articl(^ at largo amongst tlio galaxies (save for the local gravita¬ 
tional o(Toe(is of any nearby galaxies) moves an if in Newtonian 
‘oinjity space’, witli zero acceleration and ho constant velocity. 

»So far we have dealt only with the appvoximiito oonsoquoncea of 
the regradnation of (hieks lor nearby partiok^s moving with epoocls 
not approaching r, Wis must now tninHlbrin the ecjuation of motion 
of a free ])ai'tiele rigorously. The simploHt way of doing this is to 
employ one of the variation princijdes already eslablishod, (33) or 
( 30 '). ‘ 

82. Traiisformntlon of equation of motion of a free particle 
to T-measure. We have soon in Chapter IV tliat the comxdoto 
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traBflfonnation of coordinates beWeen i-measuro and r-moasure is 
given by t = Iq cosh A/c/^, (45) 

r = ct^ sinli X/cIq. (40) 

We have also seen that when 0 adopts the private Eiiclidoan space 
de® given by ^ (h'‘‘+r^dd^+amWd<j,^), (47) 

with public Bpaoe-time ds^ given by 

ds* = dl^-de^lc\ (48) 

then in r-measure he must use a publio hyiJei’holio space de® and 

Bpaoe-time da^ given by 

da = d--'-*^‘oda, (49) 

d<7® = (k^~de^lc^ = dT2(l-v®/c®), (CO) 

de* = dA®+(cg«Binh®(A/cg(d0®-|-3in®ddf/>®). (Cl) 

But (46) and (40) give 

X» = (62) 

whilst Yidt = ds. (63) 

Hence ^ = T’ 

JL Iq 


and the variational principle (36), namely 



aJ^f = o, 

(66) 

gives 

8 1 CZ<T := 0, 

(60) 

or 

8/(l-a‘..= 0 , 

(67) 

where is the square of the velocity in the liyporbolio space (51), 
namely . , 

Similarly we 

can use the variational principle (30'). 

Wo have, 

since 

f=-. 


the equality 

II 

Sl^ 
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But, by (62), 

and, by (63) and (49), 

Honco, by (59) and (00), 


dZ* = Jt, 


Y^dl = 


^ da C^j ' 


Honoo the variational principle (30'), namely 
. rr ^ C , ,YHt 




0 or S 


cUj — 0, 


Sj(l_^)ir = 0. 


Result (60) sliowB that tlio j^ath of a froo particle in the hyporbolio 
spacG-tinio (50) is a goodoaic. Result (02) gives for the oorresponding 
Eulorian equations t f^rn\ 

= ( 63 ) 

(It \dXf ox 

- 0 163'1 

(I (m dT ,, 


wliore 


((''rXdffiJ 0i<f) 


\mv^. 


Wo can always eliooso 0 so that initially 0^0, (^ = 0, 0 = 0, 
<j> = 0. Tlieii (OlV) and show that 0 and (/> remain permanently 
zero, and (05) given tlion 

'44 = 0- (O'A) 


Thus roekoiK^d by a fiindaniental observer in tlio track of tlio free 
])arti(}le, tlio IVeo ])artiole moven with Koro aoeoloration in the hyper- 
holi (j space r/e^. 'Plus (establishes {>\io (bilileo-Ncwton principle of 
inertia lor T-tinu^ and Uici aHHo(na.t(’^(l hyperbolic space, and again 
idoTitific^s th() time r as tlu^ imiforni tinio of Newtonian physics. 


83, ReuvSOiis for deriving cquiitJons of motion first in/-measure. 
It may be aslv(ul why W(^ did not attempt to derive tho equation of 
motion of a rre(^ partu^le dii'tjotly for T-nuiasiire instead of deriving 
it iirst in /-nuiaHiire and then transforming. Tho annwor is that it 
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seems impossible to discover a compelling argument why the aocelora^ 
tion in T-measure should be a pioi'i zero. There is no natural zero 
of time in T-meosurG, and so it is true we cannot expect the timo- 
variablo r to enter into the expression for the acceleration d^'Xjdr^. 
But there enters into the description of the Bubstrabmn in r-inoaaiivo 
a parameter and the acceleration of a free particle miglit a j}non 
be proportional to A/^J. No such parameter enters into the description 
of the substi'atum in ^-measure; instead, we have the coordinate /, 
wliioh plays, as we have seen, an important part in tlio equation of 
motion in ^-measure. Again, the rules of transformation from one 
fundamental observer to another are less powerful when the fniida- 
mental paii^ioles are relatively stationary than when tliey are in 
uniform relative motion away from one another. Lastly, any clireot 
argument purporting to establish d^Xjdr^ — 0 would bo rightly 
Buspeot, on tlie ground that the result of the argument was ah^eady 
luaown beforehand. The equation of motion in i-moasiire, on the 
other hand, was obtained long before its interpretation in T-monsiu^e 
hod been obtained. 



VI 

CONSTRUCTION OF A DYNAMICS 


84. Object of the chapter, Oiico tlio equation of motion of a free 
pax'tiulo lias been obtained it is possible to proceed to the oonsfci’uo- 
tion of a dynamics. That is to say, if a particle’s motion does not 
coincide with tlie motion of a free particle, the difference between 
the two motions allows us to introduce a measure of the/oxce acting 
on the particle, wliicli is then regarded as constrained. And once 
wo have succocdod in defining force^ wo can pi*oceed to define a field 
of potential, and the rato of porforinance of work on the particle. 
Wg shall cany out this progi’aiumo, first in ^measure, and later 
transform our results into r-measuro. 


85. Deflnltloii of force. Wo have soon that tho equations of motion 
of a free particle, in tho form 


- 

II 

1 

^1- 

1 

( 1 ) 

A' 1(f) ^ 

( 1 ') 

or ill tile equivalent form 


ill ~ 

(2) 

possess tlio integral — const., 

(3) 


and we have identified tlio number as tho incifts of the particle 
moving through position P at o])och. t with velocity V, as rookonod 
by a friiidamontal observer 0 at the origin, It therefore suggests 
ibscir that, as wis want onr /-dynamics to roHomble classical dynamics 
iis far as possibh',, wt^ should define tlio (brco 4-voctor (F, J}) acting 
on a particle wliose acceleration does not coinoido witli tho accelera¬ 
tion ol‘ a free hml-partiule at the same position at tlio same epoch 
moving with the saiiK^ velocity, hy the e(juations 



u 


aAQ5.63 
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It is not difficult to verify that when we put F = 0, = 0, the 

resulting equations possess the integral ~ const., and so reduce 
to the equations of motion of a free particle, (1), (1'). For, if wo put 
F = 0 in (4), it reduces to 


ft dt Yi'^Yidt (fV 



This implies tlio relation, obtained also by putting ij = 0 in (4'), 


fill f^TidlXTi) 



Multiplying the fii-at of these scalarly by V/c* we get 


1 1~F ,1 /V dV\ _ l(. Z\ 

dt Y ■^FHco'dt/- X\ Y)’ 

But the second is simply 


dt Y^Yi\c^‘dt) ~ y)‘ 

Subtracting the last two equations we get 


di 


= 0 . 


Hence F = 0, F, = 0 imply the equations of motion of a free particle. 


86 . Relation between F and F(. Moreover, since F = 0 implies 
Ff = 0, thei'e must be an identical relation between F and JJ. To 
find this, multiply (4) scalarly by V/c^. We got 

—+ T? (? ■ wj ' -r r ?j+—■ 


But (4') gives 

1 d(m^i) mji/V m _ , 5 

Y dt ^ \c2 ' dt I X V F/ c ' 


Comparing the last two equations, we have 






( 6 ) 


This relation must not be confused with the relation giving the rate 
of porformance of work by the 4-vector force (F,J']), about to bo 
obtained. It should be noted, in fact, that in deriving (5) wo have 
not used the definition of in terms of P, t, V. 
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87. Rate of performance of work by (F, JJ). We want to define a 
4-8oalar whioli will represent the rate of performance of work by the 
4-veotor force (F, ij) in pushing the constrained particle relative to 
its immediate cosmic environment. To do this we need a 4-veotor 
to represent the velocity of the particle relative to its immediate 
cosmic enviromnent in the substratum. Consider the velocity* 
derivative of H == We have 




( 0 ) 


We shall show that fl represents the kinetic energy of tire particle, 
and therefore its 4-veotor V-derivative may be expected to represent 
in some way its momentum. Scrutiny of the right-hand side shows 
that it vanishes for a fundamental particle, namely for V = ‘Pjt. 
Since represents mass, we can take 


b* 2' r* z) 


(7) 


to be the 4-veotor representing the velocity of the particle relative 
to its immediate environment in the substratum. We shall accord¬ 
ingly adopt as a definition of the rate of perform aiice of work by 
the 4-veotor (F, i?}) representing force, the scalar product 




and wo shall call this 


r‘ dl ‘ 


( 8 ) 

( 0 ) 


Substituting in expression (8) for F and Fj from (4) and (4'), wo 
have 


yt dl ~~ 



On using the definitions of X, Y, and Z, we (ind that tlio first term 
on the right-hand side reduces to 




c2/A'y* Z\ 
X\ Z Ji}’ 


whilst the second term on the riglit-Iiand side reduces to 
YidlXY^IX Y^ZYij^YiyYi zj'Yi dl' 
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Henoe 

1 dW ..jn Z \ ^ 

fiir [Z XY*)Y* 

But by direct differentiation we have 

— —(mcW — - 

Yidt^ ^^~Yi[z X 


1/V 


\ 1 

dW 

(n- 


1 '71 

f/r* 

p dv 

, V 

d\\ 


Z ’ <u 

-1- Y ■ 

~iUj 



Hence 


J_dW _ 1 <Z{mc*|‘) 
Yi dt “7* dt 


or F ± 4-0nc<^m- ^ 

\r4 zj '\74 zj Yidr ’ 

Since the left-hand side of this i-epi-osenta the rtito of pcu'fdi'iuiims' 
of work done in pushing the particle relative to its suiTOiiii<iiiigrt in 
the substratum, the right-hand side represents tiio rate of of 
energy of the particle. It follows that, as anticipatoil, 

fi = (11) 


represents the energy of the pm^tiolo. 


88. The substratum as the seat of a conservative fiel<l of force. 
Since = const, is an integral of the equation of motion of n firii 
particle, it follows that the energy of a free partiolo rojniiiiiH cunisCariL 
during its motion. Further, if along two trajectorioa wo luvvt) 

and fi = fj, then the diffei’enco roprosoiits tlm work 

required to transport the particle &om the firut tr’ajtustoi’y to I lia 
second. Tliis is therefore independent of tho path followed. TJm 
substratum therefore p03se8se.s a inoperty annlogoiiK to tlie cion- 
servative field of force of olassical meclianios, namely that if ii. parliulo 
in free motion is oonstmined so as to move from its trajectory edoiig 
any circuit’ back to the continuation of the trajectory, the work 
done by the coirstraining forces is Koro. 

89. Relation between mass and energy. In ternm of P, /, V tlin 
energy of a particle is the scalar 




(l-V2/ca)J(i2_p2/c2)i 


= Mc^. 


(l‘i) 


Thus the energy of a particle due to its position and velocity in c’ 
times its raass-a relation first found by Einstein. Tlioro is, liowever, 
this difference, that in the present i-dynainios enei'gy and iiniHs iir(‘ 
both 4-8calars, wliilst in Einstein’s raeohanios tlioy are roproHonU«l 
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by the fourth or time-oomponent of a 4-veotor of whloh the first three 
oomponents repieaont the momentum. Accordingly, in Einstein’s 
dynamics tlie energy is not definite until an inertial frame has been 
Boleoted, and tlie value of the energy depends on the inertial frame 
selected; whereas in the present i-dynamios the energy is the same 
for all fundamental observers, who represent equivalent frames of 
reference. 

90. Properties of the expression for energy. Just as for moss, 
we can take different particular cases of formula (12). Eor a particle 
at rest at 0, V = 0 and P = 0, and Q reduces to me®, also reduces 
to me® for any fundamental particle, V = Pjt, This is a liighly 
satisfactory feature of the i-dynamios, for it means that the motions 
of the fundamental particles do not represent stores of kinetic energy. 
In its application to the univeise of receding nebulae, this moans 
that tlie huge outward velocities of the distant nebulae do not 
represent stores of kinetic energy. 


When P = 0, reduces to 


which coincides with Einstein’s expression for kinetic energy. But 
it mmt bo romomborod that the V in this expression is the velocity 
relative to the observer at the origin and is not arbitrary. It is only 
the oxCOBS velocity of a i^articlo relative to its immediate siUTOiind" 
ingH in blio subatratum which represents oxcosb khiotic energy. 
Formula (12) may bo witten apjiroxiinatoly as 

n 2/1 , IV®, 1 P® P.V \ 


=: jj 


wliich showH oxiilicitly that kinetic energy is aBsooiatod witli the 
OXCOSB of the velocity V over the velocity Fjt of the immediate 
suiToundings in tlio snbflti’atum. In tliis 0011 noxion it is interesting 
to notice that if wo put for the relative momentum 
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then p®— ( 2 ?,)? = ^—m®c*, 

or = wV+c^{p^—(^^)?). ( 16 ) 

Tor ft fimdamonta] particle both and (Pf.)^ roduoo to zero. 

Tor V = 0, P 91^: 0, WG hav0 


a = 


mc^ _ mc^ 


(IG) 


where Vq in the velooity of tlio fundamental particle wifcli wliioh the 
moving particle instantaneously ooinoidoa. This again shows that 
in (13) tlie origin of velocity is the fundamontal particle in tlio 
vicinity of the moving particle. 


92. Introduction of a potential function to represent an ex¬ 
ternal force. We have seen tliat (5) ropresonts the identical relation 
betv^een the equations of motion (4) and (4') and that (10) is tho 
expression for tho rate of porformanco of ^external work* by tho 
'force*. These allow at once tliat when F = 0, thou also = 0 and 
is oonstant, confii’ming that = const* is an integral of the 
motion of a free particle. 

It suggests itself nest that we try to define a oonaervativo field 
of force x> supei*posed on tho substratum, by moans of relations 


F- 






cdl' 


in the hope that the two relations (5) and (10) will yield a relation 

(17) 


Bufc X must be a homogeneous function of P and cl of such diiuon- 
sioiis that *** of dimonsious zero. Honco, by Euloi'’fl tJieorein on 
homogoneouB functions, 


Cdt^ dP 


Tho two relations (6) and (10) then reduce to 


dx _ d{7nc^^^) dx d(7nc^^^) 

dt'^ dt * ''dT Jt * 


where ^ = — 

* dt^ dP" 

and these are self-oontradiotory. 
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We have therefore to proceed on other lines. Consider the result 
of adding together the energy-integral (10) and the pseudo-energy 
hitegi’al (6). Tlie result is 

= (18) 

which may be witten 

(19) 

Compare this with the identical relation (6) between F and F( 
previously obtained, namely 

j;c-F.V = |(wc‘>^J). 

Subtracting these two relations we have 




V. V-- = cHl-Y- 




Multiply the lost equality by 




and subtract it from the preceding one. Wo get 


y* yt dr 


(m^i) . 


This suggests tliat wo put 


«V 1 


BO tliab 


Wo liavo then 




-S)-K 




Wo now oxamiiio tlio forms tlio onergy-iiitogral (10) and blio pseudo- 
energy integral (5) take when F, F( are defined by (21), (21'). 
inserting (21) and (2T) in (5), wo got 

i^}r> F +p(w+'' -S) - A 


■(X-I~mc®^>) = 0, 
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Again, inflertiog (21) and (21') in (10), we get 




Y,2ri' 




The tliird tom on the left-hand side vanislies identically. By (23), 
the term on the left-hand side is equal to the light-hand side. 


We are left with 


dp^ di 


(24) 


which is satisfied identically if is ^ homogeneous function of 
P and ct of dimensions zero. Relations (5) and (10) are accordingly 
now oonaistent with the definitions (21) and (21') of 
When F, am expressible in the forms (21), (21') we say that tlio 
external force is derivable finm a potential a 4-soalar satisfying 
(24) identically. Relation (28) then shows that x may bo mgardecl 
os the potential energy of the particle with kinotio energ 5 ^ O or 
Also relation (22) has the interesting physical intoipretation that the 
rate of inoroase of kinetic energy of the pai'ticlo is equal to the 
S-scalar work done by the gradient of the potential in pushing the 
particle with velocity \—P/t relative to its immoclialK) onvironmont 
in the substi’atum. Moreover, (21) and (21') show at once that when 
the external force (r,ij) vanishes, so thatfi — — const, is an 

integral, the gradients of the potential are 7.ero, and tliere is no 
external field, os is required for consistency. 

Evidently the second tenii on the right-hand sides of (21) and (21') 
^presents the effect of rate of change of mass M> 

It must he emphasized that the actual details of the definition of 
a potential function are immaterial; Avhen we derive a epeoilio 
potential by kinematio methods, tlie actual form of the potential 
function will depend on the definition adopted, but wlien tlio result¬ 
ing force-vectors are inserted in tlie equation of motion, the motion 
due to these force-vectors \viU be indopondout of tho definitiou of 
potential adopted. Our main application of tlie theory of potential 
functions will occur when we derive the potential function for a pair 
of gravitating portiolos. 


93. Occurrence of the factor 2 In the formula connecting force 
and potential gradient. The ourioiia oociuTenco of the factor 2 in 
fi‘ont of the 'rate of change of moss' term in (21) and (21') should 
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be noted. Unnatural though it appears, ii> will be found in later 
developments to be essential. With the expressions (21) and (2U) 
for F, in terms of a 4-Bcalai’ potential x> equations of motion 
(4), (4') take the form, on differentiating out the left-hajid sides, 






(p-vf) 


ax V 1 «l) 

'ap'^Fiy* di ’ 


(26) 


\ m^^/ Z\ \ dy c I d, 


X 

mf^ d I c \ _ 

Yi'dt\T^I "" “'T 

These are in 4-vootor form. To obtain the assooiated 3-vector form, 
subtract V/c times the Becx)nd (the scalar equation) from the fii'st. 
We get 

( 26 ) 




94, Interpretation of the energy-integrals* The physical mean¬ 
ing of the energy-integral (10) and the pseudo-energy integral (6) is 
perilaps best seen by choosing P ^ 0, i.e. by taking the observer at 
the particle in question. Then tliey reduce to 


i,c-r.v = f. 

(27) 


(28) 

Solving for F.V and IJc, wo get 


F.V I}c dnjdt 

l+VVca'^ 2 ” l^V2/c2* 

(20) 

For small velooitics, 1V| -< f>, these give 


F. V d^ljdly c ' —' 2dLi/dt. 

(30) 


Thus is of the order of 2F, V/c. 


95. Alternative derivation. An alternative method of deriving the 
fundamental ‘rate of porformanco of work' i-olabion (10) may be of 
intomst. 

Wo liavo already defined the 'rolativo inoineiitLim' vector p,. by 
the relations 

I f xf r 3 \ 

(31) 


av zj' 

, , ^,00 Uc. ,yn 

and sliown that tliosc satisfy relation (Ifi), namely 
R®{p®—(2>,)?} == Q'^—7n^c'‘. 


(32) 


(33) 
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This suggests another definition of external force, namely tlio 
‘apparent external force’ {F^,, (by means of 


_ 1 #r /F\ - 

“ 7^ dt’ ^ y* dt ' 


(34) 


We shall no'vv show that we have identically, if 

P = (36) 

the relations 

f.t= +s+«>- <“■> 

For tlieae require 



with an analogous relation for the time-oomponent. This identity 
will be satisfied if we can show that 



But the right-hand side here is just 


whioh is 

or 



We shall require identity (37) in the next chapter. 

The difference between the external force (F> -5]) and the apparent 
external force (F^, performs zovo work in any motion, i.^or, 
subtraoting the relations 
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we get 

and eimilarly 


01 


( 40 ) 




Tho rate of performance of work by this differonoe is 

Xi z) J ' ' 




__ l)c® 

X* 




wliioli vaniBlies identically. The rate of performance of work by the 
apparent external force ia now given by 

1 dW„_ 1 dp,, p, 1 cl(pf)i(2}r)i 
dl Yi dt ‘M y* dt M 


(41) 


or, iiaing (16), 


y‘ dl 

But Mc^ = D. Honco 


1 .. 


Jkfyi dlW 


1 

Yi dl 


yi dl ’ 


(42) 


and lliiiH tho rate of porformanoo of work by the apparent external 
force is equal to the rate of incroaBO of tho kinetic energy D,, It 
follows that tho rato of performance of worlc by bho external force, 
as deflnod by (4), (4'), is equal to the rate of iuoroase of tho kinetic 
energy Q,. 


96. Approximate formulae In r-measure, Tho next quostioii 
winch siiggostH itself is, How floew the dyiiamiort of a parbiolo now 
constriiotod for /-moiusui o go over into r-ineasiiro? Wo shall trans- 
foriu it rigorously to r-rnoasuro in the next eluvptor. Fov tho immO' 
diatoly following Hoetions wo shall gain phyniciil inaight by making 
an a[)proximato transformation from /-tneaBuro to T-moaBuro. 

Wiien |P| and |K| < c, the oquabiotiH of motion (4), (4') 
whicli dolino the external fortjo boeomo 


m 


(IV 

(It 


-»■—jr—hF. 


0 Jfr). 


(43) 

(44) 
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The approximate transformation of coordinates, 
T-meaeure, is given by 



_ dr 

t Iq 


from #-measuie to 


j _ n i <211 _ p dn 
” To^T„li 

^ _y_p ^ 

dt ^ i i dr dr' 


Hence (43) becomes = —F- 

< 2 t» io 

Hence, if we define the external force in r-moasure, 4>, by 


tile equation of motion takes the form 

“ i?=*• 


(45) 


(46) 


This is of the form of the Newtonian equation of motion if 4* is taken 
to be the actual external force when t is the independent variable 
measuring time. It is readily seen that is the actual transforni 
of F to T-raeasure. For, using the notation of tbmeiisional equations, 
we have 


4> 


— -F — — (m)- 


which shows that <tf is the actual measure of F on the r-soale. 


97. Kinetic energy—approximate form in r-measure. We now 
see that the Idnebio energy fl becomes in r-measiire 

Q = viG^+i{V-Vji)hn = vic^+^dnidrYm. 


Also 


dr Iq dt ta \ dr dr’ 


(47) 


30 that the rate of increase of the kinetic energy is equal to the rate 
of perfonnance of work by the external force in pushing the particle 
relative to the now stationary substratum. 


98. Angular momentum in t- and r-measure. Angular mo¬ 
mentum is particularly interesting in both i-meaem'e and T-measure. 
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The angular moraontiun of a particle at P about the origin is H{0), 

H(0) = mPAV. 

This hecomeR in T-meaeiire 



= ih(0), (48) 

whore h(0), given by h(0) = iriR A 

is the angular momentum on the r-Bcale, Now if the external force F 
passes through the origin, ho tliat PaF = 0, the approximate rato 
of inoroaso of angular momentum in ^moaBuro is 

dH(0) U dr 

-r = T'' 

= „.£A!2 

t 

= U(0)IL (49) 

'Ihe integral of thin is H(0) = A/, (CO) 

wJiei ‘0 A is a vector oonstant. This gives a secular inoroaso of angular 

jnoinontum in time in ^moamiro. In T-inoosuro, (48) now gives 

h(0) - A^o, 

80 that angular momentum is oonBUint in r-inoaauvo, Numerioally 
the value of the angular momentum in T-measuro is equal to its 
value in ^ineasiire at tlio instant I ^ Iq at which the t- and t-oIocIcb 
agi’co. 

99. Secular increase of angular momentum in the world at 
large. Nevertheless, the actual moasuro of an angular momentum 
on the T“Hcale will secularly increase as the observer using the t- 
gradiiatc’id clock adjusts his value of /q from time to time to keep 
his clock in momentary agrceinont with tlio ^-clock. In his (xilculations 
tlio T-observer will regard angular inoiriontiiin as constant, but the 
value of tlio constant will need to be roadjiiHtod as tbo value appro¬ 
priate for Lq advances. Tliia seems to me to explain tho origin of 
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angulai' momentum in tlie universe at large. Any system which is 
exposed to zero moment of the external forces will augment its stoolc 
of angular momentum as time advances. It may be supposed to have 
been initially (i.e. near i = 0) endowed with some random amount 
of angular momentum; this then goes on increasing propoi'tionally 
to the time reckoned from the natural time-origin, owing to tlio 
couple exerted by the pull of the rest of the substratum in ^-moasuiu 


100. Exact form of angular-momentum Integral. The exact 
form, to wluoh (49) is an approximation, is readily obtained as 
follows. Multiply the equation of motion (4) veotorially by P, and 
suppose P A F = 0. Then we get 


or 

But 


1 dt .tPAV\ . wf* „ 




PaV 

Y* 


j 


^^ = 0 . 

7» X 


Z ^ 1 VI 

j = jjl 08 X*. 


( 91 ) 


Hence the integrating factor of (61), which is 

reduces to X~K 

Hence (61) may be witten 


whence 


d/ ,,PaV 1 \ ^ 


(62) 


In the case of a, free particle, since then = const., tlie integral of 
angular momentum mcluces to 


PaV = const. Z. 


(63) 



VII 

LAGRANGIAN DEVELOPMENTS 

101. Wjs prooeod now to transform tlio general equations of motion 
obtained in the bust chapter into r-ineosure. To do this it is con¬ 
venient first to put them in Lagiungian form. We obtained the 
Lagrangian form of the oquatioiie of motion of a free pai'ticle direct 
from a variational principle. But no variational principle suggests 
itself for the motion of a constraiiiod particle. 


102. Equations of motion in Lagrangian form, The equations 
of motion 



may be remit ton in the form 


di ~ 


1.^ 

Yi dl 


Xi 




( 2 ) 

(2') 


whore 




and 



Wo ro])eiifc aim) identity (157) of tlio last chaptor, 


1 

yi dl 




and tlio analogous identity iu tlio timo-compononta 


J^d 

yi dl 




j_ d 
Y^dt 






(3') 
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These identities may be rewritten in the form 


1 dp _ 


aQ 1 dp^ 


1 - I I ^ ^(Pr)< (4’) 

7* di “■^C5i'^7* ‘ 

Now eliminate dpjdt between equation (2) and identity (0. Wo 


dP ~ y* dt 


_iip 

Xi^’' Y^\dt X^' 


or, since 


or, agam, 


dXjdt = 2-Z, 


F+^ 

^8P 


y* dAxir 


ap ~ y* rfiU* 


Similarly for the time-component, 

(O') 

' cdt ytdiiJft\ dcji 

(Here d^ljdc is supposed obtained by WTiting in the form 

^ Q C ,Ci ““ V, P jn\ 

■" (c2ia_p2)T(c2_V2)*’ 

putting Pf for ct and then differentiating partially with rospeob to c 
where it plays a part analogous to V, i.e. in the numerator and in 
(c2_V2)-h) 

Formulae (6), (O'), since fi represents Idnetic energy, exhibit the 
equations of motion, in Lagrangian form. 

103. The energy-integrals re-derlved. We pause for n momoiit 
to derive the energy-integrals directly from (6) and (O'). Multqjlyi'iB 
(6) scalarly by VjY*, multiplying (0') by cjY* and subtracting, wo 
get 


1 /0fi ^ sa 

YAdt'^ 8P 




y* y*diUH aV^ 




Now in the sense in which we use dCljdc, since by (7) O is a lioinO'' 
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geneoufl fiinotion of V and c of dogi’ee zero, we must have, hy Euler’s 
theorem on homogeneous funotions, 



(9) 


(10) 

Hence (8) may be written 


F- _F. —= ——. 

■‘lyl ‘-y, Yi dt 

(11) 


This, the psoiido-energy integral, is as we have seen an expression 
of the identical relation whioli exists between (fl) and (6^). 


104, To obtain tlie true energy integral, multiply (0) soalaidy by P 
and (Q') by ct and subtraot, Wo get 




P-F^ct) 


^dlY^f 

7 * dt[x^\ 


P. 



-Uc— 

dc 


)■ 


The fii'st term on the lefb-liand side and the sooond term on tlie 
right-hand side vanish by Eulor's theorom on homogeneous funo- 
tiona. Also 



Hence wo get 


or 


F.P-i']c{= — 

P-Fcl)~ 


Adding this to (11), wo gob 


F. 



— 

~ 7 ‘ dl' 


wliioli is tlio true onergy-intogrol. 


( 12 ) 


105, Expression of external force in terms of a potential func¬ 
tion. Wo now seek os boforo to express F in terms of a potential 


II 
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fanotion x. ^ function of P and ct euoh that ^ is of dimensioiiH of an 
energy, and accordingly eucli that y/?«£* is of zero dimensions. Wo 
find aa before that to put 


ap’ 


K Z= 4 -^ 

' ^cU’ 


leads to a oontradlotion. If therefore we put 

r=-|+«P+^^, ii;-g+„,+pi, 

and if we also require the energy-integrals to reduce to 

JC+f2 = const,, 

we find without trouble that we must take 


( 1 . 1 ) 


Hence the equations of motion of a particle under a potential y are 
of the form 


^(Q-x) , n V I x^diy^Bn\ 

dP Y^7i~^~Iidl\T^fVj’ 

^(^~x) , o c l d{mii) _ Xi d m / d£i]\ 

cdt di y‘d/!U»\ defy 


As a 'verification, multiplying (16) soalarly by V and (15*) by 
get on aubtraotins ,, „ 

—di = 


( 16 ) 

(15') 
c, wo 


( 15 ) 


flliowing that x the actual potential energy. 


106, General trauaformatlon from /-measure to r-nteasiiro. 
The transformation ftom /-measure to T-ineaBura takes the form, 
as we have seen (Chapters II, III, IV), 

P -= c/oie<^-^*W^8inli OK, (17) 

ct^cl^e^r^^WocoshTlIct^, [11') 

'where i is a unit veotor. We may replace the first (vector) of those 
equations by tliree equations of transformation by putting 

i — (oos 9, sin 9 oos sin 0 sin ^). 

But it seems preferable to make the transformation of coordinates 
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not merely from P) to (r,!!), but dirootly from (i, P) to any set 
of coordinates obtained by a aooond space'transformation of the 
coordinates corresponding to 11. 


107, With tliis object, let us attempt to transform the equations of 
motion (16), (16') from coordinates (P»i) to any permissible coordi¬ 
nates (7a, (73, t), transforming the time-aoale from t to t. We wi'ite 
accordingly P = ja), (18) 

c{ = do 58 .^ 3 ), (18') 

where f is a vector funotion of tlrreo soalar ooordinatee 
/o a scalar fanebiou of the same throe coordiiiatos. Thenf 
da" == dt*-dP*/c® 




if 

We shall choose/o, f so that ds reduces to tlie form 

da = 

whore' A = (/§—f®)*, 

and d(T® = dr^ —^Ze®/c^, 

A* \dq, 

and accordingly 

= 0 (a =1,2.3). 

Conditions (26) imply A = const. 

Further, we have 

X* = (l»-P“/c’*)‘ = 


(19) 

( 20 ) 

( 21 ) 

( 22 ) 

(23) 

(24) 

( 26 ) 

( 20 ) 


SO that 

(ZX* = Ael’-W-dr. 


Also 

Yidl = 


But 

1 dX* Z 

(It ~ x*ri “ ^ ■ 


Hence 

pi 1 
dor 

(27) 


■f Wo uso the BUinmation ijoiiverition for ropoatotl auDflxoa. 



100 


DYNAMICS 


Purtll 


where 


[dr/ A* [dq/dq. 


In this, q, stands for dqjdr. 



( 28 ) 


108. Programme of the I'eduction to r-measure. We now rooall 
that since the potential x a function of P and t, theroforo 

.201 

dq^ dF’dq^'^ cdtdq/ 

wliilsb on the other hand is a function of P, t, and V, so that 


^ + + ^ (301 

dq^ dP'dq,cdldq,8Y'dq^'^dcdq^' 

In the latter equality we have added the zero term (SQ/0o)(So/C5,) 
for symmetiy’s salce. 

Now multiply the Lagrangian /-equations (16) and (16') by BPjVq, 
(soalarly) and —cdtjdq^, respectively, and add. The result may bo 
written, using (29) and (30), 




av 012 0 c\^ 2 d. 0 P ^ 

\ 0 \^V 0?,'^ dc 0 J + Y } 

(311 

^{/r ^9f)l \dy dt\bq^ Be dt j 


We shall i*educe tliia equation by combining the third term on tlio 
left-hand side with tlie first tenn on the right-hand side; and wo shM 
show that the second term on the left-hand side cancels the socoiid 
term on the right-hand side. 


109. Execution of details. We begin by noting that, since 
[daV 


,drj A^W'Sq, dq^dqf'^^’ 

therefore, differentiating partially witli regard to 

IM±(M ^ _q/^ 

\dTj dq,\drj A*\0(?,■ 8q, dq^ dqj^*' 


Further 


^ 2. ^ ^ dP dr dP 

y* Yidt~ds A~d^ A~d^'d^* 

yi A du dr 


(32) 

(33) 
(33') 


and similarly 
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Also — d f(h\ _ ^ ^ 


7* dt 


A da dr \da 


Henoe the third term on the left-hand aide of (31), namely 
2 d()?i^i)/V &P c cdl\ 


Yi dt 


is equal to 


) iy_ ^_ 

[Yi’eq, YidqJ' 


e-acr-zj/'o /dry d fdAfdV 8P djct) djct) 
A® \^a] dT\da]\dr ' dq^ dr dq^ 


Substituting from (18) and (18') in this, it becomes 


h V^O ^9, I^Qri 


A® /^'^y \^i 

wi 


Using (26) and tlie equality (32), we have that (3fi) is equal to 


Now oonsidor tho first term on tlio right-hand side of (31), We 

fS71 

71 di ®d<7 “dcrdr’ ^ ^ 


„,0U .,/V „7*\ dr/i 


dr dP dr 

d<r\ A dr da 


P 

™Xi’ 


P wc- 

”SI = T'• 


Hence 


At dY'dq, 


zAT-m,ldaV 




«o ^9. 


a?, /o Ae(^-W, A ■ Ae<^-'*io 0<?r' 


Subtracting the corresponding terms inand again using (32), wo get 

mcH^ ldryi dt _ mc^/drYlda). & {do\ 

A® [daj \dq/dq, dq,8q,r^ \daj [dr) dq,\drj 

_ mc®/dT\ d l<^\ 

~ Iq [daldq^drj' 
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Acting on thia with the operator (37), we find that the first term on 
the right-hand aide of (31) comes to 



Bringing now (36) over to the right-hand aide of (31) and combining 
it with (38), we get altogether 



110. We now want to show that 


d gP gfl d d{ct) 
gV'gy,. do dV'dt^f dcH dq^ 

Consider the right-hand side of (40). It may be written 

1 d ^P 1 d d(cl) 

d\’Y^ dt8q~ '^Tidi dq^ 


But 


= _yi 


m e-<^-W dr d aP 
aV A da dr dq^ 


£ ap _ £/ 

dr dq, dry 


c/q 




= C<n^/i 


dq^ dr 


(40) 


(41) 


(42) 
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Now consider tlie left-hand side of (40). It may bo wi’itten 

dV'Y^dq^ dcY^dq; 

In this, the first term may be wiitten 


But 

and 


dy'dq. 



+Ti 


5Q 

9V 






y j 0fi ® / ^ \ Vi ^ 


(43) 


aV' \ A dr daj 

y^dQ dr 0 

dP 8 ldYr\ 
0V ’ A dr dq\dcj 


(44) 


Tho first terms on the right-hand side of (44) are cancelled by (41), 
on using (42); and tho remaining torma in (44) give 

a /drUan dP and(cj)] 

A dq\daj\_d\ dr dc dr J 

Hero tlio square bracket may be written 


and tins vanishes. 


dP dQdicMdt 
[ 0V ’ dl dc dt \ dr 

“t 


(46) 


in. Lngranglan form of equations of motion. Returning now 
to (31) and using (30), Ave find 

idridg/iyln-j J 


But 




|jnc’ 


9 


;(£) = 


daj 


9 [da 

dq, 


a 

9(7, 


;( 


/(icr\^ 

\(Zt/ 

2\iiT, 


k^y (^y 

[dr] [drl 
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Hence the result is 



we have 




- !1L_ (A A, I-?;3_ L , 

( 1 — V^lc*y\(lT dq^^ }' 


(48) 


This is the equation of motion, for the variable ?,,, for a paiticlo 
moving under an external field of potential expressed in r-monHUio. 
It is in what we may call Lagrangian foim, since it reduces atvloUy 
to the standard dynamical equation of Lagrange when ^> <^ c. I’iifa 
again verifies that t is the independent time-variable for the clynninlos 
of Newton-Lagrange. 


112. Energy-Integral from Lagrangian equations. As a voiKb 
cation, we proceed to derive the energy-integral in r-moasuro dirootly 
from equations (48), or the equivalent form (46). Multiplying (40) 
by and carrying out the summation implied by repetition of tlio 
suffix y, we have 



Combining these results, 




(51) 



lOfi 
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This integrates as it stands in the form 


= const., 

TKic^ da 


or 




whioh is the energy-integral. 


^ oonst., 


(62) 


113. Fourth-component relation. Equations (48) have been 
derived from the iiair of original i-eqnations (6) and (6^) by operating 
with the (/^-derivative of the 4-veotor (P,cO* It may be asked what 
happens if we operate with the r-derivativo of this veotor. 

Multiply (G) and (6^ in turn by dP[dr soalarly and by —d{ct)/dT. 
Then since 


dr dp* dr cdt dr dY * dr dc dr* 


and since also 


ax ^ ^ ^,dx d(ct) 

dr aP dr cdt 8 t ‘ 


we got 


\ dr dr I \aV dr dc drj Y dl \ ' ar dr] 


Yi dl 


T* fdci aP aQ a(cO\] 
,xnaV dr 


But 


dc 

dr 


dr 

P 


/_ _aV dl^drj dc dl 


d(cl) 


dr 


(53) 


djct) 

dr 


cl 


The contents of the fii^t square bracket on the right-hand sido 
accordingly come to 



Hence the fiist term on the right-hand side comes to 


Y^dl\ /o 1 Iq ^ dt Y l^dl 




But the last terra on the left-hand side of (53) comes to 


2 d(ini^)Pf ,P cH\ __ o ^ i d{mc'^^^) 

TJ ^ yT^ ^ ‘ 

These terras accordingly cancel. Similarly, by analysis similar to 
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that U86d in §110, the second terra on the right-hand aide of 
(53) oanoele tlie second term on the left-hand side. Consequently 
(53) reduces to on 

= (54) 

0T dr 

Blit, since D-jmc? is homogeneous and of degree zero in P and i, in 
view of the way t occurs in the transformation formulae ( 18 ), ( 18 ') 
it follows that dil/dr = 0. Hence 

^ = 0, (56) 

dr 

or X must he explicitly independent of t. This therefore is the form 
wliioh the r-Lagrongian equation takes* 


114. Alternative forms of Lagrangiati equations. The Lagran- 
gian equations (46) or (48) may be expressed in a more elegant way 


os follows: 

We have £) _ 


Hence 


da _ TTIC^ 
dr fi 


( 66 ) 


Hence the Lagiungian equation (40) in the form 

dx _ d 

dQj. (dfr/dr)® dr 
may be written as 


jdcT d da\ da d d<T 
\dr dq^ dr) dr dq^ dr^ 


_ -nJir i 1 !^\ _I(„1 . 

dq,~ UH il[ n^dqji dr\n» dqj dq. 


( 68 ) 


Hence if we put i = f2—*X) 

since y does not involve q^, the last equation may be witten 

1 dL _ d / 1 dL\ 

dq^. dqj 

115. It is instructive to see how this form yields the energy-integral. 
Multiply by q^. and carry out the implied summation. We get 

8qJ ~ dT\n^ dqJ Q.^8q/ 


or 


1 /dQ dx\ _ A I 

d^rj' 


(69) 
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But by (60), 
or 

Hence 

Hence (69) becomes 





&r[w dqj (h- 




d{0>+x) 0 

dn- 


or ii+X — oc^nat. 

which is as before the onergy-integral. 


(60) 


116. Non-existence of a general variational principle. In apito 
of its simplicity, the Lagraiigian equation of motion (68) is not of 
the form of an Eulerian equation, and I have not found it possible 
to deduce a variational principle oorresponduig to it, When no 
external field of potential is present, so that we can put ;;c = 0, 
equation (68), which is of course equivalent to (48), yields at onoo 
the Lagrangian equations (63) of Chapter V, which were indeed 
derived from the variational principles wo found for tlie motion of 
a free particle. 


117. Hamiltonian transformation. We can pass from the exact 
Lagrangian equations (68) to equations of Hamiltonian form, by the 
usual Hamiltonian transformation, as follows. Put 


dlj dQ> 
Hr ~ Hy 



(61) 


This scalar which is nob to be confused with the vector of 
§102 etc., is the momentum component in T-moasure corresponding 
to the coordinate q^. Since 


mh* IdaV 


1 


oHl 

c® 


Ors (Zrffa^ 


m^c* aa cHl 
- = 


we have 


dq, 
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or 

Now put 
Then 


m®c‘‘ . oH% . . 


IF 


Prir 


mV 


-I). 


-ff = pAt-l. 


a® 


Part II 


{03) 

(03) 

(04) 


Taking the variation of (03), supposing H to be expressed aa a 
function of tlie and 




or, using (01), 


dH^ ^ dS. _ ax. 
^ 82 j,+— = qr^Pr—^H- 
OPr 


Equating coefficients of 8p, and Sq^, 


m 

Bp, 


= ?r. 


(06) 


a?, a?, dT\f2*/ ’ 


( 00 ) 


on using tho Lagrangian equation (68). Tlio last equation may bo 
BH . , 3 dD 

(»») 


When f < c, these reduce to the Hamiltonian equations of olaasioal 
meohanioa, 


118. Energy-Integral from Hamiltonian equations. It ie again 
instructive to see how (06) and (00') combine to yield an energy- 
integral. Multiplying (66) by and (60') by we get on adding 

dH 3 dQ . 

*“^'5;+’'% “a 

or, by (63), 

d/r Q, dr \m*c* j dr dr' 

This integrates in the form 

h = -5L 

m>c* 


3fi+const. 


(67) 



109 


Chftp. vn, § 118 LAQRANaiAN DEVELOPMENTS 

Substituting for H ftom (04) in (07), we got at once 

= const. 


119. Local forms. The hyperbolic space in which the foregoing 
T-equations hold good is locally Euclidean. It is therefore of interest 
to sec what form the equations of motion take when we choose 
?i» (Z 2 » ?3 be local Cartesian ooordinatesj* a*, ?/, « bat retain all 
powers of vjc. Then 

== 


Thus V® ia independent of the coordinates y, z bhemaelves, and the 
Lagrangian equation in the form (48) reduces to 


m 


Since 


m 


_^ 

dr® 

x^-\-yy+zz 


dx" 


mc^ 


(l-v^jcy dr 
these equations (08) possess the usual enei'gy-integral 


mc^ 




-hX ^ const., 


(08) 


(09) 


just as Einstein^s equations of motion do. But (68) are not identical 
in form with Einstein's equations of motion, whioli are of the form 



whore T is a time-variable which sometimes plays the part of i, 
sometimes of t. According to the developments of the present 
chapter, (70) rests on a confusion of ideas, and (68) is to he prefeiTed. 
For one-dimensional motion, (70) and (08) coincide, if T is identified 
with T. For 

d mx _ Tnx 

Einstein's equations of motion (70) are often derived by arguiuents 
which relate only to one-dimenBioual motion, and I suggest that 
(68) is the proper form. In general we have 


mx d 1 

\ mx 1 

^y{xiJ—^y)+z{^z—xi) 

(1—v^jc^y (h\ 


f- ^ c\l-v^lc^)i 


t TliOBO local Cartoflian coordinatos cc, j/, 2, aro not to bo confusod with tlio Loi’ontz 
coordinates (a?, y, z), which form the vector P. 
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or, in veotoi’s, 

df mv ) (v At)Av/o‘' 

(l-V/c*)* (irUl-vVc*)*/(l-vV<j2)* 

The diflerence fcliua vaniahea only when ^ and v are in the same 
dlreotlon» 

120. Justification of a factor 2. It will have been noticed how 
essential a part has been played, in deriving these aquations, by the 
factor 2 which occurs in the rate-of-ohange of mass terra which was 
necessary to express an external force F in terms of a potential Xi 
namely in relations (21), (21'), Chapter VI. Tliis ooeffioiont 2 tliore 
looked anomalous. But its presence was needful in reducing tlio 
quasi-Lagrangian ^-equations (16) and (16') of the present chapter 
to the oorresponding r-equations (46) or (48). And it has also been 
seen to be essential in deducing the energy-integral direct from the 
^-equations (16) and (16'), 

121. Hidden occurrence of parameter The philosophical 
signifioanoe of the analysis of this chapter is considerable. Starting 
with an equation of motion of a free test-partiole derived in ^-meaauro, 
we were led to construct a dynamics of unfamiliar form which con¬ 
tains no constants whatever save the conventional constant o. 
Transformation to remeasure necessarily involves the occurrence of 
a parameter equal to the present value of t. Tliis parameter Iq 
occurs in the metric of the public hyperbolic space corresponding 
to the private Euclidean spaces used in ^measu^e, and consequently 
occurs in all exact statements of the equations of motion of a parti ole, 
But when the Jooal Euclidean space is used instead of the publio 
hyperbolic space, the parameter /q disappears expUoitly to a first 
approximation, even when unrestricted velocities ore envisaged. The 
resulting equations of motion differ aignifioantly from Einstein's 
'Special Relativity' dynamical equations, but have the same energy- 
integral. 

It is due to tlijs hidden ooourrenoe of a parameter Iq that we cannot 
set about deducing directly the equations of motion of a particle in 
T-meosure,, For if we begin with a scale of time in which the funda¬ 
mental particles are relatively stationary, we are fully entitled to 
choose a flat Euclidean space for the scene of events, and then we 
have no acquaintance with a parameter Iq which would enable ub 
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to construct exact equations, further, since relative rest and abso¬ 
lute sunultaneiby pemst amongst the fundamental partioles, the only 
transformation at our disposal is that of spatial change of origin, and 
this is nob powerful enough to enable ua to dei^luoe the forms of 
equations of motion. On the other hand, taking the substi^atum as 
in relative motion, we have tlie variable t at our disposal, which is 
not the time measured from an arbitrary time-zero, but the time 
raeasui‘ed from the natural time-zero. Tliis allows us to construct 
acceleration in a general and non-arbitrary fashion, and bo arrive at 
a constant-free dynamics. 

In this dynamics, kinetic energy is an invariant, taking the same 
value whatever fundamental particle is chosen to provide the fr’ame 
of reference, Energy therefore has a definite meaning, unlilte the 
situation in Ematem^B moohanioe, whore, not being an invariant but 
being the fourth component of a vector, it changes its value with 
changes of fr’ame of reference. The moaning of this in the T-meohanios 
is that energy and motion should be reckoned in a frame moving 
with the local characteristic velocity = 'P/t] in its application to 
tlie universe at large tliis means that the nucleus of the nearest extra- 
galactic nebula should bo taken as origin. In r-dynainios theso 
relatively stationary extra-galactic nuclei can bo taken as providing 
an absolute simultaneity. Tills justifies the Newtonian concept of 
an absolute uniformly-flowing time, provided we identify this time 
with our variable r. 

Particles or obseivem in uniform relative motion, in r-meosure, 
relative to the stationary nebular nuclei, are not kinematically 
equivalent to the nuclei themaolvoB, and henco it cannot be expected 
that the transformation from a nebular nucleus to a particle in 
uniform motion (not zero) relative to that nucleus, will be represented 
by Lorentz formulae. The arguments from covariance under Lorentz 
transformation, used in special relativity to ostablisli the form of the 
equations of motion, are not therefore compelling, and it is not to be 
wondered at that we have andvod at slightly different accurate forms 
of the equations of motion in general, of the form (08). 

The most interesting examples of the application of the f-dynamics 
are to photons and the structure of spiral nebulae. We discuss the 
former of theso in the next chapter. Tho seoond problem we post¬ 
pone until wo have discussed gravitation in /-measure. 
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122. Photons. In order to apply the dynamics we have now oon- 
stmoted to lights we shall I'egard light os consisting of parfciolos called 
photons, which we shall consider as the limit of a material paitiolo 
whose mass m tends to zero whilst its speed | V | tends to e, the velocity 
of light. The energy fi of a material particle being given by the 
formula 

Z t—P V/c^ 

where P, V are its position vector and velocity at epoch t in tlio 
reckoning of a fundamental observer 0, tho energy of a photon at 
the origin 0, os calculated by the observer 0, will be 


E = lim Dp, 

IVKc 


_ Vv« 


0 ) 


123. Frequency. Tliis limit will have different values for diffoitint 
'kinds" of light. It is readily seen that a new parameter, of the 
dimensions of an inverse time, is needed to characterize diffoi^ub 
^kinds’ of light. When |V| ^ c, the argument Z := /—P. V/c“ tends, 
for a particle moving in the dii’ection to the expii^ssiou 

i-'^keje. To form the argument of a function expressing tho 
propagation of light, we must combine 'keje with a parainotcr 
rendering it dimensionless. We can do tliis as above, by combining 
it with the invariant = (/®—and so arrive at tho 
energy E, Or we can introduce another parameter n, of Buoh a 
character that n{t— ^ h:/c) is an invariant. There should then bo 
a relation betv^een IS and n, wliioh it is the purpose of this chapter 
to explore. The parameter 7 i is known in physics as tlie freq^cc^icy 
of the light. 


124. The justification (from the present point of view) of this name 
can be seen from the foUo^ving. The energy D of a free parti olo hi 
the substratum is not only an mvariani but also constant along tlio 
trajectory of the free particle. It is natural to give the limit of ii 
a similar property, and so we shall expect that E, the energy of a 
photon, will be both invariant and constant along the trajectory 
of the photon- If we give a similar property to the argument 
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n{t~- 2] Aa:/c), then the values of this expression to the observer near 

■whom the photon ia emitted and to the observer near -whom it is 

absorbed will be equal. Suppose that to the observer O' at a distant 

fundamental particle Pq, the frequency of a partioulax- photon at 

epooli t' (to O') is n'. lot the observer 0 at the origin oonsider the 

frequency to be when it is absorbed near him at epoch (to 0). 

Then from what has been said above sinoe a:',!/', s:' = Oanda:,?/, z = 0, 

we have ^ ,,, 

xxj — n t, (2) 

Applying the same relation to a photon of the same frequency 
emitted at (local) tune and received by 0 at (local) time 

we have n^dl^^n'dl'. (3) 

The physical intei^retation of this relation is that a number of pulses 
emitted at the rate n* per 8ecx)nd during the small interval dt' all 
aiTive at the rate dtuing the small interval Relation (3) 
expresses conservation of number of pulses; the pulses omitted are 
all absorbed. Hence the parameter n is called the frequency of the 
photon. 


125. Formula for the Doppler effect. Let us now relate the ratio 
n^jn' between reception frequency and emission frequency to the 
velocity )Vo) of the fundamental particle or nebula Pq whioli emitted 
the photon. If t is O's reckoning of the epoch of emission at then 
by the usual clock-running formula,t = /(I —But since, in 
O's rookoning, the photon left Pq at epoch t and arrived at 0 at epoch 
^ 2 , travelling with speed c, we must have 


— t-\- [Pot/^* 


But, by the recession law, 


Hence 

Hence = 

Hence 

Hence, by (3), 


ini - MVol. 

^:^y^4(i+|Voi/c) = i 

Vi — 


/ i+|VolM I 

li-lVol/cj • 


(4) 


t Tn thlB chapter, whoro no ambigiiitioa result, Fg, F^, oto., will be ubwI for 
IV.l. 1V^.|, etc. 

StBE.eS T 
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This is the standard formula for the Doppler effect. We see tliat> 
due to the recession of with speed W\^ the frequency of tlio 
photon os it onives at 0 is less than the frequency n' witli which 
it left as oaloulated by 0\ 

If we identify diminishing frequency with increased reddening of 
the photon^ we have the famiUar red-shift clue to recession. 

I'or the sake of symmetry we make a similar calculation for a 
photon which leaves 0 with frequency (to 0) and amves at Pq at 
' epoch and with frequency n' (to O'). In this case, if li is the epooli 
of departui’e of the photon from 0, we have, t denoting O'a rookoning 
of the epoch of arrival at 0'> as before, 



t' = 

and 

t = fi+|Iol/<5 = ^1+^1%1/C) 

or 

<(l-|Vo|/c) = ti. 

Then 

1' (l-VS/c«)* /1 + lVol/cU 
k 1-1%1/c \l-\\\lc) ’ 

whence 

dt' fl + lVol/cU 

and 

«' /l-|Vo|/cU 

n, dt' \l + |%|/c/ ’ 


Thus 0' also sees a red-shift, since n' < n^. 


136. Relation between energy and frequency for a photon. Wo 
now consider the relation between energy E and fr’equency n lor 
a photon. The quantum theory asserts that E and n are proportional, 
that in fact E = hn^ where A is a constant, called Planck's ooiistanL. 
Contemporary physics does not, however, distinguish between tlio 
two scales of time, so that it is not made clear whether n is to ho 
regarded, in this formula, as measured on the /-scale, as is the n wo 
have introduced in this chapter, or measured on the r-soale. Dis¬ 
regarding tliis distinction for the time being, we see that a formula 
E ^ hn, with }i constant, would imply that the arriving photon had 
less energy than when it started. Por is leas than n'^ and the rod- 
flhift should be aocompauied by a loss of energy. Tliis result, how*' 
ever, would be incompatible with the view that a photon may be 
regarded os a free particle. Por, in the dynamics we have oon~ 
struoted, a free particle conserves its energy dui’ing its motion. 
Since, in addition, energy on our dynamics is an invariant, the samo 
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for all fundamenbal observers, the energy of the photon at p,> as 
oalculated by will be equal to that oaloulated by O at the same 
event, and equal in turn to that oaloulated by 0 at the moment of 
reception. Thus, in spite of the rod-shift, the energy of a photon 
should remain constant during its motion. The formula E = hn 
would then need some revision. We shall show that the revision 
conaiaba in taking h here to vary sooularly with the epooh. 

This amounts to a fundamental ohange in our view of the photon, 
as compared with that of ooubemporary physics. Its diacrepanoy 
with contemporary iihysios arises froiu the ciroiimsbanoe that in 
contemporary physios energy is not an invariant, but is the fourth 
component of a 4-vootor, the momeiitum-onergy vector. A conse¬ 
quence of this is that the measure of energy ohangos with the observer, 
Energy is no longer conserved in the strict sense, but is lost in the 
process of the omission of a photon by a distant nebula and its 
reception by ourselves. In our dynamics, on the other hand, energy 
is sbriotly conserved, not only in the experience of any one obseiwer, 
hub for aU fundamental observers; all fundamental observors attaoli 
the same numerical value to any given store of energy. 

The now view means that the enorgy of a photon depends nob on 
its frequency alone but on its past liistory. It means that an atom 
is incapable of absorbing the photon whose energy is the onergy^ 
differenoe between two given stationary states of the atom unless 
the frequency is also correct. 

127, Scrutiny of details. Befoi'e investigating further the conae- 
quoncGS of this result, it is desirable to show that tlie limiting proocss 
by which we derive a photon from a material parti ole alTorda no 
loopliolo of escape. 

Lot us invostigato in gi’oater detail the career of a photon between 
a distant nebula and ourselves. Eor the sake of symmetry, wo shall 
as before consider a photon which loaves our own galaxy, moves 
outwards and reaohes a distant galaxy, where it is reflected, or 
absorbed and re-emittod, finally returning to our own galaxy. 

Let the photon ho emitted fr’oin oiirselvos at epoch h with fro- 
quonoy and energy E^] let it be roflootod (or absorbed and re- 
omitted) at a distant galaxy Pq at local time t '; and lot it return to 
ourselves at our epooh with fi-equoncy (to ua) Let n' be the 
frequency, in the frame of reference defined by the distant galaxy, 
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with wliloh the photon is there received. Then sinoo an obseiwer on 
the diatanb galaxy oan regard himself as at I'ost, n* will also be the 
frequency, in that frame, of the reflected or re-emitted pliotoiii We 
proceed to oaloidate tlie actual energy of the photon at tho dlffoi'ctit 
stages in its career. 

Let Vi ho the velocity of the photon as it departs from. 0, with 
energy at time fr. Then 

_ ( 7nc%~^P.Vi/c^) \ 

When the photon reaches at time t to 0, but just b^ore. 
reflection or absorption, let its energy he JS^y its speed V^, as rooltonoel 
by Oy and as reckoned by Then 




Here 

Hence 


V.,^cPo/|P„| 


Ji} —liiYi_ 

mc^ 

t jlol/^ 


-V*+/c*)* 

(i2-P§/c*)* 

—~ llTYI ^ 

mc^ , 




v+lpfllM 


mc^ 


“(1- 




where Vq is the recession-velocity of Pq. "We have used |Vol == 

Since it is of the essential nature of a particle that its mass m remains 
unchanged, we have from the above 



128. Integration of equation of motion. Though both mid. 
are equal to c in the limit, wo are not entitled to assume ^ V+^ 
Instead, we must actually calculate the limit of tho ratio 

from the equation of motion or trajectory of tho particle. This metina 
integrating the equation of motion of a free particle in the limiting 
case when the speed tends to c. Of course, if we assumed that tlio 
above limit was unity, then (6) would give the usual Doppler effoct 
formula, and the energies and Ei could be considered as -propor¬ 
tional to the corresponding frequencies. We should then have tJio 
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ordinary quantum theory of tho energy of a photon. Tliie was in 
fact the inference originally luado by Whitrow,t who first made 
calculations of the present kind. He did not, however, treat the 
whole trajeotory of tho photon os that of a free particle, as wo are 
doing. 

Now the equation of motion of a free particle, 




P—V — 


implies tho corresponding scalar equation 


J_ d/_c_\ _ 



It will be sufficient for our present purpose to use the latter equation. 
Multiplying both sides by and taking |V1 ~ c, we get tho approxi¬ 
mate equation 



Z Id. 


The integral of this is 



const. XK 


This moans that tho ratio of tho two valucB of at two points on 
the trajectory of a photon is in the limit equal to the inverse ratio 
of tlie corresponding values of XK Applying this result to the 
trajectory of our photon from 0 to we get 




But we have seen that 


Hence 

Inserting this in (6) wo get 


i/h — (1 ly^) 


E. 


is\ 


(«) 


Tlie photon thus does actually conserve its energy, in the reckoning 
of 0, along its trajectory from 0 to Pq* 


129. The distant observer. Next let us see how tho observer 
0' at Pq calculates the energy of tlie ]ihoton. Ho attributes to it 
t G, J. Whitrow, QuarL Joitrti, Malii. {Oxjonl), 7, 271, 1030. 
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a velocity, as ib approaohes Pq, eay where by Emstoin’s relative 
velocity formula 

yt _ _K In 

+ 1 - 


Ei-om this, 


(l-F+Fo/c«)» • 


( 7 ) 


Now in O'^s reckoning, the energy with wliioh the photon arrivoa 
at P^,, say P+, is given by 


B", = lim 


me" 






whence 
or, using (7), 


lim 

*+ r+,r+-« 


/«'~P'.v;/c*\ 

(^'«_P's/ca)tJp, (1~ VVV<i*)‘’ 

/ i-FVVcn yi- 

ll-F»WcV ll- 


•IVolM i 

ll + |Vol/cj ^ 


:®± = lim (l-Fg/c»)^ / l-Vo/c U„ 1 
-B'+ r+-«l-FoF+/c*\n-Vo/cj 


( 8 ) 


Thus PY = P+, and O' and 0 attribute the same energy to the photon 
as it aiTives at Pq- This is fundamentally a consequence of tho 
oircumstance that O is an invariant, the same for all fundainGiital 
observers, and so the same for 0 and 0\ but it was necessary to 
show that in tho passage from Q to P this invariance was preserved- 

130- In the frame in which Pq is at rest, i.o. to O', the photon is 
reflected or rO'emitted without change of frequency or energy- Wo 
therefoi^ attribute the same value of m to the reflected, as to tho 
incident photon. Thus 

PV = (0) 

where P'^ is tho energy^ of the photon as it starts on its return j ournoy 
&om Pq to 0, 

Now let P^ be the energy attributed by 0 to tliis photon as it 
leaves Pq, its velocity. If VL is the velocity attributed by 0\ then 
aa before , _y„_ (l-Fi/c^)(l-Fg/c^) 


But 


P'_ = Urn 






P_ = lim 


mc^ 


(l^Ft/c2> 


Also 
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in which we have to put 



Hence 




liin 

?nr->0 


mc^ <+|Ifl|/c 
(l-Fi/c2)* (<*-P3/c*)‘ 


Thus 

But, by (10), 




Jim 


l-V^VJc^ 



Hence 


E'_ 


= 1 . 


( 11 ) 


Thus, just as for the forward journey, 0 and 0' attribute the earue 
energy to the photon os it leaves on its return journey. 


131. Return of the photon. Lastly, for the arrival of tho photon at 
0, with energy 7^ and speed (os calculated by 0) we have 


7?a = lim 






Applying the trajectory relation again, wo liave 

,, /i-Fi/c»\i A'L (t^-pyc^y t,, 

/g “ ^(1 

Hence - Itim^ 

\l-Vi/c*) ~ l+VJc - ll+F„/cj ’ 


r,, 

whilst 


and so 


( 12 ) 


Thus, finally, tho energy of tho photon is conserved during its passage 


from Pfl to O. 


132. Secular variation of Planck’s constant. We have now 
proved in detail, that if a pboton can bo oonaidered as a free particle 
in tho substratum, its energy at tbo different .stages in its career 
satisfies tho equalities 

= 1 ?^. = E\ = E'_ = = E^. 


(13) 
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Its frequency, however, satisfies the I’elations 

n, / I^Kq/c U 

^ U+W ' n' \l+W * 

Hence n^i^=:=^ ^ n^t^y (1^) 

and the fi.’equenoy is less for 0* than for 0 when emitting the photon, 
and less for 0 when receiving the photon again than for 0\ If tvo 
telescope relations (13) into 

^ (IS) 

and compare with (14), we see that to preserve a formula of the type 

E = /m, (Ifi) 

we must have E ^ 1t/n' = 

where (18) 

h V ta 

This means that in reckoning the energy of a photon Planck 
'constant' must be taken as proportional to the epoch at tho funda¬ 
mental parbiole emitting or absorbing the photon. This statement 
refers to ^time. 

Thus the photon in the oourse of emission at Pq and reception at 
0 retains a constant energy in spite of the reduction in frequency, 
os inferred on more general grounds in §126. At on emisBioii, 
it has the oharaoteristic frequency (to O') of the atom which emits 
it; at O, it has no longer the characteristic frequency of an idontioal 
atom at 0, although it has the same energy as when it started, 
Thus it cannot be absorbed by the identically similar atom at 0, 
as it has no longer the right frequency. We deduce that the onorgy- 
frequenoy relation for a photon cannot be the same as tlie energy- 
frequency relation for an atomic transition. 

133. Frequency of atomic transitions. We shall see later that the 
energy of an atom, TF, though a time-invariant, depends on the value 
of the eleobrostatio charges of the electrons in it, which in turn depend 
on a calibration constant this is the measure of the epoch for 
which values of charges, etc,, are standardized. Hence the constant 
of proportionality between an atomic energy-difference and the 
frequency of the ooiTesponding photon emitted may depend on 
The frequency for the atomic transition must be supposed to be con¬ 
stant on the ^-scale. We write then for an atomic transition 

AW = 


(19) 



Chap, Virt, § 133 


THE DYNAMICS OF LIGHT 


121 


If tliia is the transition responsible for originating the photon of 
frequency n\ emitted at Pq, then and AIT = JS' = /tV. 

Hence Aq — A'. On reaclilng 0 the energy of the photon ia stiU 
^ h^n^y and thus 

An A' t' 

«2 = ^«o = = -Wq. (20) 

Since the identically similar atom at 0 contmuos to absorb just the 
fi’oquoncy n^y ^ we see that this atom at 0 is mcapablo of absorb¬ 
ing the photon emitted at Po, for it has not got the right frequonoy. 


134. Expression in r-measure. Consider the form which these 
relations take in T-measure, If a small intoiwal Ar of r-time ooiTe- 
sponds to an interval Ai of <-time, then 


A^ At 

- =3 -. 

t 

But if a photon of frequency n in ^measure has frequency 
T-moosure, we have by counting light-pulses 


( 21 ) 
V in 


nAi — vAt. 


Hence 
Hence if 


v\ vg correspond to n^y n'y respectively, wo must have 


ni<i 


n't' 


Vi = 

*'0 


wliioh, by (14), gives iq = — 1 ^ 2 . (22) 

The frequency in T-moasmt) is thus unaltered, which is oonaietont 
witli the circumstance that in r-moaauro the fundamental particles 
are relatively stationary, so that there is no Doppler sliift. The 
energy of the photon is now given by 


= = (23) 

n 

and similarly E^ = E^ — AoT'£. (23') 

In T-measuro, conservation of frequonoy goes with conservation of 
energy. The atomic ti'ansition relation becomes, on the other hand^ 

= (24) 


and thus, since AW must bo constant, Vq, the frequency in r-measuvo 
of tlio radiation emitted or absorbed by the atom, is proportional 
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to t. This acceleration of atomic frequency results in an observable 
red-shift, just as in l-meaaure. But, now, the red-shift is caused by 
the acceleration in frequency of the atoms used to form a oorDparlsoii 
speotnun. The energy-formula for a photon is now simply 

^ = /IqV, 

Thus the effect of going from ^time to r-time is to transfer the sooiilar 
variation from the photon to the atomic transition, As a ooeffioiont 
for photon frequency in r-meosure, Planok’s constant is actually 
constant. But the value at which it is stabilized depends on the 
normalization constant of the r-soale concerned. 

135. Evidence from angular momentum. Turther tliooretioal 

evidence that on the i-scale Planck’s constant h must be stipposod 
to be proportional to I will emerge when we come to oorusider tlio 
angular momentum of an atom. In the ^-dynamics, angular moment 
turn is proportional to the absolute epoch but constant on tho 
T-soale. Hence when quantizing an angular momentum on the /-scale, 
by equating it to a multiple of A/Stt, we have to assume h to vary 
secularly wth the time, li = angular momentum on the 

T-aoale then comes out a constant, and equal to a multiple of 

136. Observational evidence. The question now arises ne to 
whether there is any observational evidence for the constancy of 
energy of a photon. To examine this ^ve consider the question of 
the relation between the obsei^ved luminosity of a nebula or galaxy 
and its luminosity in a frame in which it is at rest. 

Let us idealize a nebula or galaxy to the extent of oonsidoring it 
^ as a monochromatic emitter, of a certain effective wave-length. Lot 
L* be its absolute luminosity in a frame moving with it, it^'i 
absolute luminosity to an obseiver in our own galaxy, oorreotod 
of course for distance. Suppose that the luminosity V arises from 
the emission of J?' photons each of energy E\ per unit of tbno, 
and that the observed luminosity ailses from the reception of 
photons each of energy per unit of time. Then the number 
of photons emitted between local time i' and is N'di\ and 

the number received between times and is Since all 

the photons emitted in a small solid angle are absorbed, we have 

N^dt^ ^ N'dt\ 

L' = N'E\ 


Also 
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w 




On the old, olossioal theory, the energy of a photon is strictly pro¬ 
portional to its frequency, and wo have 

-®a 

whore n' is the frequency in the frame at rest relative to the distant 
galaxy, is the frequency observed at our own galaxy. By counting 
pulses omitted, we have 

n' di* — 712 ^^ 2 , 

^ _ n' _ d/g 
no ' 


and so 


As usual 
and 

so that 
Likewise 

On the old view, then, 


n2 dt' t* ' 

h ^ / 1+Fo/cU 
i' - \l^V,lc) ' 

Lo ItV * 


Hubble calls the factor N'jN^ the hiuiubor’-elToot and the 

'enei’gy’-offecb. The former arises from the dilution of the stimm 
of photons consoquonb on the rooeBsion, the latter arises from the 
reduced energy-value of the red-Bhiftod photon—on the classical 
theory. 

On tlio other liand, according to the theory dovolopod in this 
chapter, in spite of the red-sliift wo liave 

E' - 

, L' N' L, 

and so * 

La ^2 A' 

We see that, on the older theory, the correcting factor is the square 
of the factor required on the now theory. On the now theory there 
is still the correction for the 'numbor’-faotor, but no oorroebiou for 
blie ‘energy^-factor. 

137. Hubble’s results. Now Hubble has exainined his nebular 
counts for given magnitude liinitB from two x^oints of view. Fii-at, 
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taking the xeoeflBion as real, and oooordingly oorreoting for both 
fEwtors; secondly taking the galaxies as relatively stationary, and 
so oorreoting only for the 'energy’-factor. As the two factoids are 
nmnerioally of the game size, it will be seen that Hubble’s counts, 
unoorreoted for motion but coiTeoted for ' energy’-eflPeot, ooiTospoiid 
exactly to the new theory developed in this chapter, whore wo 
necessarily oorreot for motion but make no oorreotion for energy. 
The origin of the correcting factor is fisoribod differently, on Hubble’s 
calculations, from the origin ascribed on the present theoiy; tho 
name of the factor has changed, but the numorioal oonaoquenco is 
the same. On Hubble’s view, in his words, 'an "energy’’-eifoot may 
be expected, regardless of the interpretation of red-shifts’; on our 
view, no energy-effect is to be expected, but the red-shifts are 
interpreted as velooity-shifts. 

Hubblef then finds that the observed results are mucli closer to 
the theoretioal predictions for the ease of no motion: 

‘If the red-shifts are velocity-shifte, it follows that the univorao is closed, having 
a finite volume and fijiifce contents. * But * the curvature i‘eqiilrod to reiiiovo 
the diaorepanoiea is very great, and henoe the radius of curvature is very smalL 
Actually it is comparable with the radius of the observable region tia dofinwl 
with existing telescopes. Thus in onlor to save the velocity-shifts, wo would 
be forced to conclude that the universe itself is so small that wo aro now 
observing a large fraction of the whole. ... A radius of the dimensions neces¬ 
sary to save the velocity-shifts represents a mean density higher thou 10“** 
gram om.“® This volue is many times greater than even tlie inoxiinuni 
estimates of the smoothed-out density of the material oonoGntrfttcd in 
nebulae. ... If the estimates of density wore completely reliable, n rfwlins of 
curvatiu’e of the necessary dimenaiona would be nilod out by tho ovideuco. . . . 
On the other hand, if the interpretation as velocity-shifts is abandoned, wo 
find in the red-shifte a hitherto unrecognized principle, whose implications 
ore unknown.* 

Again, in his Rhodes lectures, J he writes: 

The familiar interpretation of red-shifts ns velocity-shifts very seriously 
restricts nob only the time-scale, the age of the imiverse, but tho apatiftl 
dimensions os well. On the other hand, the alternative possible inberprotfition, 
that rod-shifts are not velocity-shifts, avoids both difficulties, and proaonta tho 
observable region ns an insignificant sample of a univerao that oxtonds in¬ 
definitely in space and in time. . . . The disturbing features are all introdiicofi 
by the recesaion-facbora, by the assumption that red-shifts are velooity-Bhifts, 
The departure from a linear law of red-shifte, the departure from uniform 
distribution, the curvature demanded to restore homogeneity, tlio oxooss 

t Tht Itealm of tht Ncbulat (1930), ohap. 8. 

} The ObacrualionQl Approach to Ooamology (1937), oluap. 3. 
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material demanded by the cuvvatiiro, each op those is merely the reoesflion- 
faotorin another form.,., On tho other hand, if the reoession-faotor ie dropped, if 
red-shifts are nob primarily velooiby-shifts, tho piotiii’o is simple and plausible. ’ 

The theory of tho present chapter I'osolves these difficulties. ITor 
what Hubble needs, to justify the more plausible world-picture, ia 
just one correcting factor for nebular luminosities, not two. Ho 
erroneously calls this one factor the ‘energy^-factor, and wishes to 
drop the ‘velocity'-factor; actually it is the ‘energy'-factor which 
is not requii'od and tho remainmg factor that is required can now 
be retained as a ‘reoeasion'-factor, and tho intorpi'etation of the rod- 
shifts os velocity-shifts is preserved, All his considerations are so 
much evidence that only one correcting factor is required. This wo 
inteipreb as tlie recession-factor; tho energy of the photon being 
unaltered by the red-shift, no ‘energy'-factor is required. 

This not only shows that the observations are compatible with the 
expansion of the univei^o. It is evidence for tlie oorreotnesa of the 
view developed in tlie present book, that energy is an invariant, not the 
time-component of a 4-vootor, and that conservation of energy nilea 
in tho univorao at largo, in spite of tlio degradation of wave-length. 

138. Luminosities In r-measure. Lot us examine the same ques¬ 
tion now using r-time. Let bo the luminosity in T-measure oa 
observed at our galaxy, tho luminosity to the observer located 
on the distant nebula. Let bo tlio number of photons omitted per 
second, each of energy <#5^, to tho observer on our own galaxy; t/K', 
tho corresponding quantities to the observer at the distant nebula. 
Tlien on the old theory, the ‘energy'-effect still pei-siata, and we 
have ^ ^ 

but there is no ‘number'-effect, since in T-measuro the distant galaxy 
is at rest relative to us. Thus, since 

and ^ 

we have on tho old theory 

- L 

But on tlio theory develo])od in this chaptoi*, 

= r 


and so 
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139, Recondllation with ^-measure. We have to reoonoile thoeo 
oaloulations with our oaloiilationfl in i-meagure. The relatloiiBhipfl aio 

l.e. ^2 ■— ^^2 

L'dt' =^^'dT\ i.e, ir 
TVitli ^2 ^^2 I-©* ^2^8 “— ^2^0* 

and = v'dr', i.e. ?iT ^ 

We ore interested in the relation between the luminosities of tlio 
distant nebula in its own frame, in the two scales of time, i.o, in the 
ratio According to the lost group of formulae, 

L' ^ i,' 

If we use the corrections according to the old theory already obtained 
separately for and V we have 

L' L^{n'fn2)^ -^2 ^2 ^0 ’ ^0' ^2 ’ ^2 ^0 ' 

whioh oonti’adiotB the result just found. On the other hand, if wo 
use the corrections acco7'ding to the new theory, we get 

Xj L^n jn^ Jvg n t^ t^ ^0 
whioh is correct, Thus the corrections on the old theory aro in^ 
consistent with one another, the inconsistency arising from tlio 
oipoumstance that in r-measure, when the distant nebula is at rolativo 
rest, the old theory introduces iiTationally an energy-shift, for whioli 
it gives no explanation. The relations 

rt^^dtf^ ~~ n dt —■ n^dt^ 
and n'di'^v'dr', 

and, lastly, dr' = dr^ 

compel the conclusion v = vg, wliich is only compatible with observa¬ 
tion when the comparison atom at ourselves is accelerating in fre¬ 
quency. The relation v' := gives h^v = h^v^, so that as required 
the energy of the photon is conserved equally in r-measuro as in 
i-measure. 

The cosmological evidence is thus strongly in favour of our con¬ 
clusion that the energy of a photon remains constant in transit 
through the universe, in spite of the red-shift. 
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STATISTICAL SYSTEMS 

140. Need to consider statistical systems. We now talte up 

again the question of tl\e equation of motion of n free test-partiolo. 
We saw in §§ 08, 74 that the equation of motion of a free test-particle 
in the form jy y 

^ = ( 1 ) 

or in its 4-vootor form 

would hold good not only in the presence of the substiutum, bnt also 
in the presence of those more general systems which we have called 
aiaiiaiical systems. It is obvious therefore that for the hydrodyiiami- 
oal substratum wo must make a choioo amongst all the different 
possible aocelerationdaws (corresponding to different forms for 0(^)) 
that will hold good in the presence of different statistical systems. 

141. Boltzmann equation. Consider a statistical distribution of 
free particles of the form 

f(x, y,Zyt; Uy Vy w) dxdydzdiidvdwy (2) 

whore this number measures the ninnbor of particles moving at the 
instant t in the neighbourhood dxdydz of (:r, y, z) witli velocities it, v, to 
ill tile neighbourhood dudvdw. Let 

e(p.i,v) (3) 

bo the acceleration of tlie particle at P at epoch when moving with 
velocity V relative to the observer 0 at tho origin. 'Ihe 3-vector 
function g must ho of tlie form given by (1). 

Wo first consider tho condition that Uio population distribution (2) 
shall bo consistent with the acceleration (3). We sliall write (2) as 
/(P,i,V). Then when t cliangos to t-\-/^ly P changes to P-j-VAi and 
V to V+gAi, for any individual member. Put 

P, P+AP ^ P+VA^, 

^ VH-AV == V+gA^, 
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and wiite do for dxdydZy dco for dndvdtOy with similar meanings for 
and doj^. Then, in O^s reckoning, all the particles inside dodw at 
epoch t will he found inside doidcoi at epooh Hence 

/(P, iy V) dodu) =: /(Pj, Vi) doi dw^. 

A simple oaloulation shows that 

doidoj^ ^ ^ i i a . ^a_i_£^8V 

dodaj d{XyyyZyUyVyW) \du dv dv)} 

to a Buffioient order, where g = Hence 

/(P+VAi, (+At, V+gAt)|l+At^. g) = /(P. V, t). 

Tliisgives V.-^ + g .g) = 0. (*) 

^ ar 0V ‘'\av / 

This is a generalization of the famous Boltzmann equation in the 
dynamioal theoiy of gases, for the case when the acceleration may 
depend on the velocity and collisions are disrogaixied. 

142, Use of Boltzmann equation to derive accelerations. In 
its context in the dynamioal theoiy of gases Boltzmann's equation 
is used to determine the distribution function when the aoccloration 
funotion (or external field of force) is given, Here we shall uso it in a 
reverse role. We are going to specialize the distribution funotion / 
80 that it represents a distribution funotion described in the same 
way from every fundamental particle (Pq == Vq^) taken as origin, 
and then use this knowledge about / in (4) to provide infonmation 
about g. 


143. Distribution formula. We want to ensure that the statistics 
of the system are described in the same way by 0 and 0\ anothor 
fundamental observer in uniform motion relative to 0. Consider a 
particle at P or (a;,y,z) moving with velocity V or {UyV^xo) at time t 
os counted by 0. Let O' be moving with velocity (t7, 0, 0) relative 
to 0. Then O' reckons the paHiole as at P' or (a;', y\ z')» moving with 
velocity V' or yW') at epoch t'y where 


x—Ut 
21—U 


if z' Zy 

l^uUjc^'* 


, t — Uxjc^ 


iv 
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At the mmt epoch lot 0 consider a neighbouring particle at 
P+dP, moving with velocity V+dV. The number of auoh particles 
is just/(P,i, V)doda>. This particle is counted by O' at a different 
time i'+Ai', os in the position P'+AP', and aa moving %vith the 
velocity V'+AV'y where 


Arc' = 


dx 


Ay' =:= dy, Az' := dz, At' = 


{Ulc^)dx 


_ clujl-U^lc^) 
~ (i-uUje^f ’ 


^v' ^ 


(Zv(l-C/a/c2)i 
1—wt7/c» 


...du. 


Aw' = 


1-uUjc^ 


f „.du. 


Hetraoing baclavavds the path of the particle to the epoch t', wo shall 
find it at P'+dP', moving with velocity V'+dV', where 

dx' = dix'—u'Al', dy' = Ay'—v'At', dz' = Az'—uj'Af', 

du' = Att'—p'^Af', dv' = Av'— paAi', dw' — Aw'— (/'j At', 

?i> ffi. ffs being 0”a reokoning of the acceleration ooinponenta. The 
results of this caloiilation, aa far as wo require them, are 


dx' = - 


dx 




(l_(/2/c2)l' 

dtj' = dy-\-,„dx. 


t{7/c« 

dz' = dz-j-...dx’, 




(The coefficiontB indicated by ... are not needed in the sequel,) 

Wo can now consider [dx,...,dw), {dx’dw’) os two sets of coordi¬ 
nates, the second sot the transform of the limt. Then all the particles 
counted by 0 inside dodo) at time i will be counted by O’ as Inside 
do'doj' at time t’, wlioro 

do’dco’ _ d(dx’,dy’ydz’ydu’ydv’,dw’) 
doduj d{dxy dy, dz, du, di>, dw) 

The value of this determinant is easily seen to be equal to tlie in'odilob 
of the terms in its loading diagonal, wlieiioe 

do’day’ __ (l-^?7Vc^)* 
dodo; ~ 

K 


acdG.ea 
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Hence iif'{P',i'yV') is the distribution function found by O', wo 
must have 


S'dA^'du^' ^fdodo, 

But we are proposing for consideration statistical systems Avhioh are 
described in the same way by every fundamental observer O’. Hence 
/' must be of the same form as/, and so/ must satisfy 

We have similar functional equations satisfied by/ when 0,0) 
is replaced by (0,17,0) and (0,0, U). 

To solve this functional equation, put 

/(p,<,v) = r-H0(P,<,v), 


where, as usual, Y = 1—V^/c®. 

Then f(P', i\ V') = f, V'), 

where Y' = l-V'®/c». 

Y " {l-uUjc^Y' 

Henoo tlie functional equation gives 

Hence must be invariant under the Lorontz gi’oiip of transforma¬ 
tions from one fundamental observer to another. But tlio only 
invariants of this group are X and Z^jY, wliere, as usual, 

X = Z = t-P.VIc\ 


Hence <^(P, i, V) is of the form 

and so the atatistioal distribution function / which we require is of 
the form 

/(P, t, V) dxdydzdndvdio = dxdydzdudvdw. (^) 


This must be a pure number. Hence we can write it as 

d^xdyizdudvdw, [0) 

where now is of zero physical dimensions. The statistical system 
we are building up is, however, a pure conatmet, and it is to contain 
accordingly no so-called ^physical constants’. In fact the system so 
far constructed knows nothing of physical constants—there are nono 
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in its make-up except the conventional c. But X and 2^/F are of 
dimensions {limeY- Hence since we are unacquainted at tliis stage 
of our construction with any physical constant of the dimensions of 
a time, tlie arguments X and Z^fY of ^ must oocut as a ratio, other¬ 
wise ^ could not bo a pure number. Hence the distribution function 
may be witten 

/(P, i, V) dxdydzdudvdw — dxdydzdudvdw, (7) 

whore, os usual, $ — Z^jXY, 

144. Non-uniqueness of a statistical system. The statistical 
systems thus spooifted are arbitrary to the extent of an arbitrary 
function of a single variable Different functions ijj correspond 
to statistical systems of different structures. They are thei'efore not 
luiique like the hydrodynamioal substratum, wliioli contained no 
arbitrary function in its description. 

We saw til at the acceleration of any free particle in tlie presence 
of a statistical system, and tlierefore the accelerations of the parti ole- 
members of a statistical system itself, are given by 

6(P,i,V) = ^(P-Vf)(?{|). (8) 

The acceleration in a statistical system thus involves again one 
unltnown function, ^?(|), of the same variable Tho Boltzmann 
equation (4) provides a single relation bobwooii tlie distribution func¬ 
tion and tlie acceleration function G(^). This fulfils our intuitive 
expectation that when a statistical system is speoifled by a particular 
function )//(^), then tho acceleration of a free particle in its presence 
should bo doterminato. 

145. Solution of the Boltzmann equation. We now introduce (7) 
for / and (8) for g into the generalized Boltzmann equation (4). It 
will bo a tost of tho accuracy of our argumentation that of the seven 
variables y, 2 , t, Uj v, w occuiTing in this equation, the only com¬ 
bination that should eventually emerge should ho the combination 
Dividing tho Boltzmann equation (4) by/ wo get, on inserting (7) 
and (8) 

(I,+''4+x 4)'”^^^.+ 
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Putting 




the equation becomes 

■°%|FPi+(P-V0.^(jG(aj-3<|6?(^) = 0. (9) 

It simplifies the detailed, reduction of this equation to note the 
following results: 

SX 2P dX - 


dt~^* 




Prom these we calculate 


1 0^ __ 2(X-tZ) 
^ St XZ ‘ 


1 ^ _ 2(ZP~XV) 
19P c^XZ ’ 
DX = 2Z, 


_ 2(v^—py) 


c^YZ 


DY=-2^(IY-Z)G{0, 

Insertion of these results in (9) yields 

3 22 ^ /> i. 6 9V 

2 T “ ^ ^ z 1)(1+G(f)}+1 ^ {tY~ Z)0{i)- 

The terms in t will be seen to cancel, and Z/X is a factor of the 
remaimng tenns. Removing this, we are left with 

-2^(1+G)(f-1)-3(1+G)_2(^-1)(?' =3 0, 

I 0 
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Ae expected, the only variable auTviving is f. The relation wo have 
found between Q and ifj integrates in the form 

+(?(£)} = const. 

We shall call this constant — G and write the result 





( 10 ) 


146. l<^ormula (10) gives the oonuexion botwooii tJie population- 
distribution ill a statistical system, as measured by and the 
acceleration of a free particle in the system, as measured by 
Accordingly, the acceleration of a free particle in the presenoe of the 
statistical distribution (7) is given, by (1), by 


dV 

dt 


-I(P-V0-(7 


(P-Yl) Y 


( 11 ) 


147, Physical interpi'ctation. Determination of f?(^) for a sub¬ 
stratum. Tho qnosfcion now arieos: What arc tlio Idnomatical and 
physical intorprotations of tins formula ? Wliab does it moan ? 

It reprosonts tlio acceleration of a free particle os the sum of two 
components. The first, 

-I(P-W), (12) 


is independent of 0(f) and so independent of the population of tlie 
statistical system. [Vho second, 


/. P-Vl Y 


(13) 


depends on 0(f), and do])enda moreover on a constant of intogi’ation 
C, which also requires inborpretation. It should bo romembored that 
tlio arguniontfl of tho present chapter liavo boon bo far purely kine- 
matical, without any appeals to physical law. 

Now the acceleration components (12) and (13) will liolcl good 
whatever superposition of a statistical Byatom on a hydrodynamioal 
aubstratum wo care to consider. The liydrodynamical substratum 
is indoteiTninate to an arbitrary multiplier B in its desoription, and 
we can superpose a Hubstratiim of any B on a statistical system of 
any 0(f), and still obtain tho acceleration components (12) and (13), 
The Bubatratum and any statistioal vsystom may bo considered as 
independent components of Avhat wo may call ^mixed' systems— 
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Bysterns which are a superposition of hydrodynamioal and Bbatistioal 
Byetems —and it therefore suggests itself that the acceleration ooiii- 
ponent (12), which is independent of 0(^), is the component to bo 
asBOoiated with the substratum above, and that the acceleration 
component (13), which depends on i/f(^), is the component to bo 
associated with a pure statistical system. Tliis would mean that tlio 
acceleration in the presence of a substratum alone is given by (12), 
i.e. by (?(f) = — 1, the form of 0($) we have adopted in Chapter V. 


148. Relation to gravitation. Let us see if there are any con- 
fli’matory arguments. In the first place, oomiionent (13) tends to 
zero as ^(f)->oo. The meaning of is that the etafcistioal 

system becomes more and more closely packed, and therefore in a 
sense more and more free from spaces between the particles, i.e. more 
and more of hydrodynamioal charaoter. Tliis is in. agi'eement with 
our suggested inberj)retation os far os it goes. But I do not find it 
of itself very oonvhioing. A much more oonvinoing argument is 
obtained by investigating the structure of the component (13). 

We have 


Z^-XY ^ 1 (PaV)^' 

XY Arl ca 


(U) 


For |V| c, 1P| < ct, the component (13) reduces approximately to 


P-V/ (cH\ 

whilst the component (12) reduces approximately to 


( 16 ) 


P--V^ 


( 10 ) 


Now the vector P—Vi is the vector joining to P the apparent contro 
\t of the system to an observer moving with the velocity V eit P\ 
for Vi is the position of the fundamental particle relative to which 
the free particle under consideration is at rest. If wo Avrite P — Vi = r, 
tlie component (13) becomes an invei'se square acceleration 

_C— — 

i/r(l) Irl^’ 

and the component (12) becomes the linear acceleration 


(17) 
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Now WD liave previously, in Chapter V, oomparod this term with 
the Newtonian attraction due to the matter of the substratum 
between P and the apparent centre of spherical symmetry to the 
obsorvor at P. We saw that since the density of the substratum near 
the centre was whore m is the mass of a fundamental particle, 

therefore the mass of the sphere enclosed between P and the apparent 
centre is (47r/3)r®wiP/c*i^, the attraction at P due to this is 

47r „ mB 1 


where y is tlio Newtonian ' constant * of gravitation, and that if we 
identify this attractive acceleration with component (12) Ave get 

47r 1 r 


or 


r = 


cH 


cH 


(19) 


(47r/3)m^ 

It follows that the component (13) may be bitten 

wliioh is the Newtonian attraction due to a point condensation of 
mass 

m 

at tlio apparent centre. 


( 20 ) 


( 21 ) 


149, Emergence of the Inverse square law of gravitation* The 
component (13) thus expresses an inverse square attraction towards 
the apparent centre of the statistical system, for relatively near 
particles. No assumption equivalent to the introduction of an in¬ 
verse square huv was made in its derivation, and wo have therefore 
obtained an approach to the law of gi’avitatioii by purely kinomafcio 
methods. Moreover, not only has the uso of the Boltzmann equation 
compelled tlie omei'gence of an inverse square law, but it has tlirown 
up a constant G, whose presence is oquivalent, by (21) to bbo 
appearance of a parameter we may call the graviUiiioTial 'mass of tlio 
condensation at the apparent centre P—Vi = 0, Tlie constant C 
measures the gravitational mass of the condensation implied at the 
centre P—Vi = 0 of the statistical system charaotorizod by in 
terms of as a unit.t 

t iTifiy bo intorprotoU phywoAlly ns tho monn apparent maas of tho auh- 

strafcum por furidniiiontal pai'biolo. 
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150. If we now rewrite, for greater clarity, relation (10) in tlio form 


we can say that the first term on the right lioro reiiresenfcs tho part 
of the cosmioal field of acceleration which is indopendont of aiul 
so gives the value (?(f) = — 1 corresponding to a Bubstratum aluno. 


151. An argument of this typo seems essential to doduco the aocehu'a- 
tion of a free parti ole in the presence of the substratiini alone. I'or 
we have to recognize that (1) or (1') is the equation of motion in tho 
presence of any system satisfying the eqiiivaleiioo of every pair of 
fundamental observers, and therefore wo have to devise a method 
of eliminating the possibility of the presence of statistical systoinn. 
We cannot introduce this negative consideration directly, but muwt 
trace the consequences of the system’s including a statistical com¬ 
ponent, and then eliminate these oonsequenoos. Wo arc ropai<l for 
our trouble by the unexpected emergence, of its own accord, of a 
form of the inverse square law of gi’avitation, and of tho notion of 
gravitational mass. 


152. Confirmatory argument. The foregoing argument win now 
be clinched by the consideration that when 0 reduces to zero, J{^) 
reduces to -* 1; thus when the gravitational mass of tho condeiiaalioii 
is taken to he zero, the statistical component is absent, and tl>o 
system reduces to a pui’e substratum, for wliicli accordingly 

In the next chapter we shall use the results of tho present oluiplor 
to suggest a form of the law of gi'avitation applicablo to any enn- 
densation. 
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153. Construction of a potential function. Wo have seen that the 
statistical system behaves with respect to the parbiolo at P at epoch 
I, mo\hng with velocity V, as if it possessed a singularity at the place 
P = Vi or f 1. It is true, in fact, that the acceleration function 
G(^) of equation (10), Chapter IX, which characterizes a statistical 
system, lias a singularity wherever ^ = 1, and the free particle at 
P, i, V must bo supposed to be principally under the influence of the 
nearest singularity. We shall put 


mg 


■Ml)’ 


( 1 ) 


and call the gravitational mass of the singularity. 

The dynainioal mass of the free particle is We therefore 

rewrite the equation of motion (1') of Chapter IX by multiplying 
it through by m, f*, in the ibrm 


j_d 

Y^cU 



“ X \ y] 




. V 1 d, ... 




( 2 ) 


Comparing this with equation (4) of Chapter VI, we see that the 
free particle in the presence of the statistical system is acted on by 
a force F, given by 


F 


it/o 



1 , V 1 d, • , 

x+yi yi 


( 3 ) 


The funotion is at our disposal► Wo shall ohoose it so that tho 
condensations in tbo statistical system round each singulaxity f = 1 
oorrespond as noai’ly as possible to naassive particles. From tho 
results in tho pro coding chapter, this will be so if we take 


== const. = 

This is in offoot a dofinition of what wo mean by a gravitating parfciolo. 
Then F roduces to 


F=- 


m. 
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We now seek to represent this force by a potential fanotioa x* 
By equation (21), Chapter VI, this will be possible if a funotdon y 
can be found so that 


F = —^ + 2 —i- 

ap^ Y^Yidr^' 

TliiB requires 

/p yZ\l V 1 d, ^ 
dV Ma (f-l)'r ^Yjx'^YiY^dV 

and there will also be the time-component (scalar) relation 


(5) 


( 0 ) 


.1^: 

c dl 


mi m, 


/, . c 


Yidi 


M)- {«') 

We want to be a homogeneous function in P and cl of 

climensioua zero, and therefoi'e we require 


This gives 


(^'+P.% = 0. 
ap 


miTtii ^ 2*\ 1 ,Z d 


i.e., since Z^jXY — 


1 >ix tOiOTt 1 


Introducing this into (0) we get 

8i „ IWp vp- 

0P M, ({-l)l\x\ 'Yj + Z\xr If 


and similarly, from (6'), 

dx _nHWs 
cdl i)4 


_ miWij 

~'~WU 




Put, by actual differentiation, 

V 


m, Too 




<7) 


{ 8 } 


/P_Y\ 

-i)tU 2/’ 


(») 


( 10 ) 
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Henoo 


8P 


7^2 




d 


and — = 
cdt 


dx _rrhm2,c’^ 1 


M, 

miTHiC 


0 




M, cdt M, cdt 

These are compatible, and give for x form 


X = 




M, 


01 ) 

( 12 ) 

(13) 


This, then, is the value of the potential x suitable for desoribing the 
field of force holding in the presence of the statistical system. 

154. Mutual potential of any two gravitating particles, We 
want to use the result just obtained to suggest the form of the 
potential duo to a single gravitating particle. In (13), ^ is a function 
of V, as woU aa of P and i, and the position of the singularity to 
wliioh it refers is V^, where the mass m 2 is eupposed situated. Written 
out, (13) is 


X = 




^_PW/c^ 


iV/o {(/'-PW/c«)«-(i2^P2/c^)(l--VVc^)}** 
and in this the epoch L refolds to events at ?n.^. We shall therefore 
replace t by and P by P^, but V wo shall roplaec by l 2 /^ 2 - Wo 


X = 


Writing 


we have 


M, p,. {if-piic-^)(i(-pyc^y • 

x,=:ii-pyc\ x^^ti-Pijc\ 

^12 ^ 


x = 


7n^ vi2 


X. 


12 


M, (Xl2-X,X2Y' 


(14) 

(W) 

(15) 


We shall examine whether this can be taken to ropi'eaent the potential 
energy of in the presence of m^. 

155, Properties of the gravitational potential x- (1) We first 
note that x invariant in form and value whatever fundamental 
observer is chosen as origin. Por X,^, X ^2 4-scalai*s. 

(2) It will be found to satisfy the wavo-equationa 

I ^ _ 1 


dxf dzf 

dx\ dy\ dz^ 


diy 

c2 dll ' 


(16) 

(16') 
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(3) It wffl bo found to reduce to the Nowtonian potential Tvith 
‘ constant’ of gravitation y = cHIMq when either of the partiolos la 
taken as origin. ]?or let the observer be at the moss so that 
= 0. Then reduces to 






^_L 

M, IPJ 


(Pil 


(17) 


This is independent of an nasignment of a value to the opooh at 
Again, if |Pi—P jI is small compared witli either cti or ct^, nud if, 
therefore, we can take the epoch at equal to the epoch at Pj, 
(P^ aud Pj being olose together), then since 


ih h- Pi. Pa/<5*)®~ (ll-Pimi- Pi/o’*) 


(«iP*-4Pi)® ( PiAPs)^ 
-c» 


X reduces to x = 

^vhere y = cHJMq and t is the value of the common epooli at Pi 
and F^. 

(i) When llj[ c/g, so tliat the attracting particle is noar tlio 
boundary of the substratum, the potential x toiids to a oonstaiitj 
independent of the position of Wo liave in fact 




(19) 


The field at pi'oducod by mg at Pg is tlierefore zero, approx ini atoly, 
and so the field of a particle on the confines of the substratum oorix)- 
Bponds to the field of a Newtonian particle at infinity. Wo shal 1 eco tli is 
dii’ectly in a moment. 

(5) By the general theory of Chapter VI, the 'force' on ?«! at 
produced by the potential x is given by 




The part of this represented by the gradient of x is given by 


_ 0X _ , WiWtsc' 

SPi M, 


‘^ij 


JL _ 

dP, {Xl-X,x,)^ 
X. 


M, [Xl,-X,X,)y 




We call this the atlraction. 


( 20 ) 
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(6) If we take the origin at so that Pg = 0, the attraction 
reducea to p p 


( 21 ) 


Tvliich is an exact inverse square force dii’eotocl towards Pg, the 
attracting particle. Moreover, its value depends only on O’s assign¬ 
ment of the epoch at Pj, and so is independent of the imposition 
of any relation between the epochs and at Pg and P^. 

(7) If we take the origin at the attracted particle, =i= 0, the 
attraction reduces to 







( 22 ) 


This again is an inverse square force directed towards multiplied 
by a co.smioal faetor whioh is nearly unity in ordinary experience 
c^a), but which vanishes when the attracting parbiole is on 
tlio confines of the univei'se. 

(8) The attraction (20) vaniahoB whatever the origin, when = 0, 
i.e. when mi = dg, i.e. when the attracting particle is on the con¬ 
fines of tl\e universe. 

(9) Whilst (20) gives the attraction on the attraotion on Pj 
given by 


^ ^ miwta 

0P2 H/q 




(Xh-X,X,)* 




(23) 


Thus for an arbitrary origin, the two attractions are not exactly 
equal and opposite. But the attraction on reckoned by i\, is 
equal and opposite to the attraotion on Pj, rookonod by Pg, wlioii the 
epochs of reckoning are equal. This then is the sense in. which 
Newton's third law, the law of equality of action and reaction, must 
bo held to bo true in tlie context of gi*avitation, 


166. Final Identification of x- The above properties of x 
sufficient to show that x is tho expression of the invoice square law 
of gi'avitation in Lorontz-invariant form. It is unaltered in form and 
value under transformation from any one fundamental observer to 
any other. It was, of coiinso, the supx)osed impossibility of expressing 
the inverse square law of gravitation in Lorontz-invariant form whioh 
led to the so-called general tlieory of relativity. It will be seen that 
the difficulties vanish as soon as wo take into account tho plionomenon 
of the expanding universe, and recognize the existence, at each point 
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of accessible space, of an absolute standard of rest. These oonsldoia* 
tions imply, in turn, a * constant' of gravitation varying soonhiiy 
TOth the epoch, in i-meosure. 

It remains to show that the form we have ohosen for x ropi’o^onls 
in fact the potential energy of tlie two pai'tiolea. To show this avo 
have recourae to the general equations of motion of tho two particles 
irii and in one another's presence and in the presence of tho aiih- 
stratum. 


157. Equations of motion In ^-measure. The general oquations of 
motion of the two paitioles, by the general theory of Cliapter VI, ato 


1 dl 
Yidij\ 


\ 

f 

Pi- 

L 

■''■D 

SPi 


(2.J) 

1 d 1 





1 


{24') 



' X, 1 

0^1 

{ 

yj 

cdti 

^ YiYldt,^ " ^ 

1 d 

n dij 


"^2 fij 

(p.- 

■' t ] 

1 

1 aPa 


(2D) 

1 d 
Y\dl, 



Jet,- 

-a 



(25') 


These equations are invariant in form for any fundamontal ob- 
server 0 of the substratum. But they only detormino mi uotiutl 
motion wlieii we impose a relation between the two iiidopemlont 
yaidables and /g. To pi^eserve tho Lorentz-iuvarianco of tho oqua* 
tions, the desired relation should itself be Lorentz-invariant. It was 
suggested by G, L. Cammf that the appropriate relation is 

== Xg. m 

Tor this is Lorentz-invariant, is symmetrical between the iiartiolcs, 
and reduces approximately to q — whenever Pi and 2% are not 
cosmieally far from the observer. More cogent still is the considera¬ 
tion due to Whitrow, that the meaning of — Xg is seen when we 
use the r-scale of time, when it reduces to 

'^1 = ^^ 2 ’ 

This is highly appropriate, considering that, in the r-scalo of time, 
there is a public time, or absolute simultaneity, t being, for ajiy 
given event, independent of the observer chosen to describe the event. 

t Nature, 165, 764, 1946. 
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158. Identical relation between the equations of motion. The 
pair of equations (24)ancl (24') arenotindependent, for multiplying (24) 
Boalarly by and (24') by ct^ and subtraoting, -we recover the identity 
(7), which is in fact satisfied identioally by x as given by (15), sinoe 
xlmc^ is of zero dimensions in the variables and ct^. 


159. Energy-Integral. Next, multiply (24) scalarly by Vi and (24') 
by c and subtract. Wo get 





0. 


(27) 

Similarly 



0. 


(27') 

Henoe if i 

is any 

parameter, 





dt 

^ dpj dt^\di^^ * 

^x] 

■ePj 

1 dig 








or 


X-{-WiC®^i+Wac'^4 = const. 


(28) 


Since and are the kinotio energies (including rest 

energy), and of the two particles, tlio foregoing is the energy- 
iutogval (29) 

Tims actually roprosonts the joint gravitational 

potential energy of the pair of particles in ono another’s presence. 
This relation is to be intorproted by relating and according to 
( 20 ). 


160. Three-dimensional form of energy-formula. To interpret 
the intermediate equations (27), (27') substitute for fi-’orn tbo 

Eulorian relation a ^ 


8L 


3Pi 


Woget (31) 


and thus the rate of inofcaso of kinetic energy of the particle is 
equal to tbo work done by the attraction ( — pushit^g the 

particle relative to its immodiato cosmic onviroiimont at tho relative 
velocity Similarly for paitelo 7n^, 
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161. Actual acceleration. To obtain the actual acceleration of iHi. 
multiply (24') by yjc and subtract it from (24). We get 


dt^ 


/ ex 

\ JL 

A ePi 

c® 

ifu 



0 %) 1 


(32) 

(33) 


where U is the idem-tensor and is a dyad. 

Since the first term on the right-hand side is the acceleration of i\ 
due to the substi'atum alone, the second term reiiresents the com¬ 
ponent of acceleration due to the attraction. 


162. Identities satisfied by x- gravitational potential x 

satisfies a number of identities, amongst which are the idontitios 
which lead to the principles of linear and angular moment inn lor 
the pall' of particles. Amongst these identities the following may bo 
verified: 


P^Xi-PiX^ d 1 


it follows from (20) that 


0P,- *8pAxJ- 

Similarly = 

Hence we have the tensor identities 


1 sv .. e* (x) 

x^dP^dP^ sHaP^iXiii 

1 1 ev 

l~ XiSPaSPa' 

Contracting, 




Similarly 

-X ~X X 

X 'i _ X 

ij- 


It follows from (16) and (16’) that 


(34) 

(8-1') 

(30) 

(36) 

(36') 


^ i 

U] 

1_1 / 

aPi.SPj' 


' c* 8 h 5/2) 


UJ 


0 , 


(37) 
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Further, we have tlie scalar identity 



the vector identities involving vector products 


> 

I 

+ 

> 

I! 

I 

(39) 



(40) 

and the * straight* vector identity 



. Pi 4 H Pb __ 0 

^ ap, c* 8ti * epg c* 

(41) 


163. Physical application of Identities. We shall now show that 
identity (41) corresponds to the integral of linear momentum of the 
pairs of equations (24) and (25); and that (39) corresponds to the 
integral of angular momentum. For each may bo used separately 
to eliminate the gravitational potential x between the equations 
concornod. 


164. The equation of linear momentum. Multiply (24) by 
(24') by "Pi/c, and perform similar operations on (26) and (25'); 
then add the results. Wo get, on using (41), 






Now 


d-similar expression with symbols suffixed 2 = 0. 

^dt\Y\J dtA~YV~l' 


(42) 


Hence the terms suffixed 1 in (42) come to 


mAjd / Vi<i-Pi \ 
Y\ U/iV } 


li 


aB9S.03 
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The intograting factor of these terms is 
/ h _ 


We therefore get 




1 = 0, 

(.13) 

= 0. 

(43') 


We shall transform this rigorously into r-measure in the next ohaptor, 
and show that it leads to a fonn of the equation of linear raonienbuni. 
In the meantime we notice that when |V| < c, |P| < c/, it I'odncos 
approximately to 




i/v.-S\_ 


or, in T-measure, y m, -^(v,) = 0. 

This is to he undei'stood with the condition 


It thus states the principle of linear momentum in r-measiivo for 
any pair of gravitating particles. 

165. The equation of angular momentum. If we multiply equa¬ 
tion (24) veotorially by I\, (26) veotorially by Ig, add and uso idontifcy 
(39), we again eliminate the gravitational potential X' 

PiAV, 1 d. ... ..... 

-f similar terms suffixed 2 = 0. 

This may be written, as before, 

/PiAVA PjAVid,, ..,1 _ 

^TTKiTr)—rf-s;('“8^t+‘<>s“.£!)) - »• 

The integrating factor of each terra is again 

xr*fx-*. 
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Hence g rf Jtr[) ~ **’> 

” («■) 

This again wo shall transform rigorously into T-measure in the next 
oliapter. In the meantime wo notice that for |V| c, [P] ct, it 
reduces approximately to 


or, in T-measure, 



This is to be understood with the eon volition 


Tj = Tg, 

It thus states tho iirinoiplo of angular momentum in T-meaaure for 
any pair of gravitating partioles. 


166. Extension to n particles. If ?i gravitating particles aro present 
in tl\o substratum, wo write for the potential x 

X = 'Z Xrs> (< 50 ) 

r^9 


where 


Xrs 


M, (X%-X,Xy 


(51) 


Equations of tho typo (24), (24') witli x given by (60) hold for eacli 
particle. They aro to bo undoratood ia tho sense that the various 
time variables ij, ar-c to be coiTelatod by 


= X, = ... = Jf„. (52) 

By tho same procedure ns led to tho enovgy-intogral (28) wo (ind tlio 
general energy-integral 

X+(*5^) 

r 

The identities of tho types (30), (41) arc satisfied by Xrs 
variablos siillixod r and s, and can be used for combining the complete 
set of equations of motion of tlie n imrticles with elimination of tlio 
and wo got tho difrorontial forms of tho ])rinciplos of linear and 
angular inomcntum lor tlic n particles in tho forms 
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167. Keplerlan problem. An important special oaso is when ono 
of a pail' of particles is relatively very massive compared "with the 
other (mj ^ %). In that case we can consider the atti’aoting particle 
TOfl as pemanently located at a fundamental particle, so that Pj = 0 
permanently. Then 


cH 1 


mimocH 

P 

(60) 

|P|’ 

dP 

Mo 

1P|*’ 

^odt 

Mo ' 

1 

\P\’ 


(60') 


■where we have dropped the suffix 1. Writing now M for jhj, the 
equations of motion of the attracted particle m become 




7 » 


dt\Yij i\ 
d(c\ 


McH P . V 1 ^ 
dt^ 




rj Mo 

|P|3 

7k 7* ■ 

\ Jlfca 

J-q- 

c 1 d 

/ ^0 

|P| + 

T^T^Jt 


(67) 

(67') 


In these equations t refers to the epoch at the attracted partiolo 
and there is no longer any need to introduce the simultaneity 
condition (62). 

To obtain the energy-integral, multiply (67) acalarly by V, and 
(67') by c, and subtract. Then since 


d 

dt 




the result of this operation is 


1 V.P 

|P| |P|3’ 


— I ^ ( ^ \ 

dt ^ ^ *\lP|j 


= 0 , 


or 




Mc^l 1 


const. 


( 68 ) 


To obtain the integral of angular momentum, multijily (67) 
veotorially by P, We find 


d/PAV\ _ ^ PaV , PaV 1 
7* I Z* 7‘ ■*' Yi 7* dt’ 


d/PAV^ _ Z PaV , PaV 1 
dt\ 7k ) Z 7k + yk ^k dt ■ 
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The intogi’ating factor is and we get 



or integrating PaV = A2, (69) 

where A is a vector constant. 

We shall transform those to the more faniiliar T-ineasuro in a later 
chapter. For tho moment wo are content to notice that, according 
to (68), it is the rost^mass m that must be used in calculating tho 
gravitational energy in the field of Jlf. And according to (60), since 
P is always perpendicular to a fixed vector A, the orbit lies in a piano. 
Further, (60) gives the usual secular increase of angular momentum 
with epoch, obtained previously (in i-meosure). This gives a general 
explanation of the rotation of galaxies. The iirincipal application of 
tlie equations of this section is in fact to the motion of a free particle 
in the presence of a nebular nucleus of mass M. Equations (68) and 
(60) contain the key to the generally spiral character of galaxies. 


168. Necessity for simultaneity convention in mnny-body 
problems. Wo liave soon that in order that the equations of motion 
of n gravitating particles sliall liavc a meaning, it is necessary to 
oonneot the epochs at tho various particles by tho invariant 


relations 




( 00 ) 


The various epochs can then be oxju'cssed in terms of a single 

variable, and the values of xi> tbon bocoino definite. It is 

important to notice that tho necessity for imposing some convention 
as to simultaneity is not peculiar to tho i>rcRent theory. Any treat- 
inent of a system of n bodies which uses tho ideas of conservation 
of energy, or of linear or angular moinontuni, is bound to intrcjcluco 
some such convention. For tho principle of tlio conservation of 
energy, for oxam])lc, only has a moaning when some rule is given 
for picking out tlm instants at which tho on erg ion of the various 
particles are to bo evaluated and added together. Wlioii tlie energies 
of the various particles arc varying in time, it is impossible to attach 
numeric a! values to tlio total energy unless tlm onorgios of tho various 
particles can bo calculated separately, and tho valaos atbribiitod to 
these will dei:)ond on tho instants chosen for calculating fcliom. Tlie 
same applies to linear momentum and angular inomonfcnm. 
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some rule is neoeBsary for picking out oorresponcliiig instante at the 
separate particles, and the numerical value of the energy, linear 
momentum, etc., vnll depend on the convention olioson. The ad- 
vantago of the rule (60) above is that the result of applying the lulo 
is independent of the particular fundamental obsoi'ver ^vho applies 
the rule. 
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THE LAW OF GRAVITATION IN r-MEASURE 


169. Transformation of the gravitational potential x- 
gravitational potential x of two partioloa, being nn energy, ia a time- 
invariant, and takes the same numerical value in r-meoaure as in 
i-measure. The exact transformation of coordinates from i-ineasure 
to T-raeasuro being ^ oobU A/ci,, (1) 

Ijc = i5e<’’-'*)/'''8inbiA/c(o, (!') 

we put in oiu’ case 

^ la ^ 

and substituting for P 2 , ij, ftccording to (1), (!') we have 


( 2 ) 


_ lYii (r 

^ mT 


cosh — cobIi—— sinh sinh (Ij, 1^) 


cti 


cLi 


ctfi 




I (cosh — cosh ——sinh sinh ~ li. — 1 ^ 

\\ clo do do do } J 


( 3 ) 


This may be written altoniatively as 


m. 

X - 




cosh — cosh —sinh sinh —(1^. 1^) 


X 


cLq 


cl, 


Cln 




foosh—sinh—Ig—cosh-“Sinli-^liV ^Binh^-^sinh^-^lli a12)^ ^ 
U cl^ c/o ® cIq cLq V ct^ cIq 


(30 


Formulae (3) and (3') oacli givo the potential energy of a pair of 
particles, of masses 7 % and at positions (Ai, l^), (A 2 , 12) r©Bpootively. 


170. Independence of time ^coordinates. It will be noticed that 
in (3) or (3^) mention of tlio epochs T 2 at the two particles has 
completely disappeared; ^ i® now a function of the spatial coordinates 
of Pi and Pg only. This is of 00111*80 a particular case of tho general 
theorem ((35), Cluip. VII) that since a potential function y is homo¬ 
geneous and of dogroo zero in tlio coordiimtas ci, P, when it ia brans- 
formed to T-measure by substitutions (1), (F) the coordinato t drops 
out. Thus in t- measure it is not noccasary to spooify the epoch to 
which X refers. 
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171. Physical meanlag of the formula for % In T-measufo. To 
see the physical meaning of (3) or (3'), choose the origin 0, to bo on 
the line in the sense OP^P^. Then = Ig and Formiila 

( 8 ) becomes, since l^.lj now equals unity, 

V = 1 m 

Mq tanh(A2 —Ai)/c<o' 

Putting for the present value of y, namely 


this may be >vTitten 


yo — 


y =_(5\ 

* c{jtanh(Aj—Ai)/c<o' 

This value for x is easily verified to be independent of the jjosition 
of the origin 0, since Aj—Aj is independent of 0. For distances not 
of an order comparable with the radius of the universe, ao that 
A 2 —Ai clj, ( 6 ) reduces to 


^ Aa-Ai ‘ ' 

This agr ®08 mth the empirical Newtonian potential derived from tho 
inverse square law. Our exact formula for tho potential in tlio 
hyperboho space of the r-desoription of the substratum is, however, 
(6), Avhioh contains mention of tp, the present age of the univoi'so, 
over and above its occurrence in yo- 
As Aj—Ai -> CO, (6) gives 


yoW»i»»a_ 

^ cfo ~ Jlfo ’ 

we obtained the same result in i-measuro previously {§ 166, equation 


( 10 )). ^ 

The 'attraction’ exerted by on is given by 

1 ^ YoViiirii 

0A] 8inl\*(A2—Ai)/cip (cip)*8inh*(A2—Ai)/ciQ’ 

or, for Aj—Ai < cJp, 


_ gx _ romiWe 
dX, (X,~X,r 
This is the inverse square law in r-measure. 
zero as Aj—Ai~>oo. We notice further that 


( 0 ) 


Tho attraction tends to 
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SO that the law of equality of action and reaction holds exactly in 
T-measure, for gravitational forces. 

172. Since ^ is explicitly independent of epochs and it satisfies 
Laplace's equation in the hyperbolic space de^. If we put 

we can verify that 

^(Wsluh-^^^) +jij- ^(su.». + _ 0, (10) 

with a similar equation in symbols suffixed 2. Thus whilst x sf^tisflos 
a wave-equation in i-moasure, it satisfies simply the equation of 
Laplace in r-moasuro. 

173. Equations of motion under gravitation in r-moasure. By 
equation (08), Chapter VII, the vector equations of motion of 
particles Tiq, at n^, II^ are in r-meosure 

1 dVj _ dx 

dr 


(l-vf/c»)« 
1 






en,' 

whore to a sulficiont ivpproxiinatioii 

^ in7-nii‘ 

Tims tho equations of motion booomo 

1 dv-, n^—n, 

^ inyrsfr 

1 rfvo iij—n. 

Those poHsoBs tho energy integral 

_j^rl _yoWiffla _ . 

(i-v!/c=*)‘''‘(i-vW in7-n,| 

tho linonv momontmn relation 
m, dv^jdr 


( 11 ) 

( 11 ') 


+ 


mj d\J(h 


(l-vj/c2)i ' (l-vl/c^)a 
and tlio angular moinontum relation 


A V.) -I- y-(n, A V,) = 0. 


ii 




d 


(1—v‘|/c“)9 dr 


(l-yyc^)idr 


( 12 ) 

(13) 

(13') 

(U) 

(15) 

(15) 



164 


GRAVITATION 




but the lost two do not appear to be intograble in terms of linear 
or angular momentum only, in general, unless the parfciolea ai’o In 
relative motion along a straight line. 

For, in general, we have 

^ Vi dvjdr 1 (dVi/drA Vi) A Vi 

dr + ? ' 

so that if L denotes the linear momentum in r-meosuro in Einstein‘a 
sense, namely 

L = 

then (16) gives 

dLi 1 X'^ (cZVi/dr A Vj) A 

(l-v?/c»)» ’ 

the terra on the right-hand side only vanishes if is pn-rallol to 
dvjdr, Vj to dvjdr, and this wU occur only if tlio velooitioa Vi, Vg 
are along the lino joining the particles. It must be remeinberecl that 
the velocities and Vj are measured relative to the local standard 
of rest. The formulae containing them are not therefore necessarily 
applicable to the general problem of the motion of any two bodies 
relative to their centre of mass, but only to motions relative to a 
nebular nucleus. 


Z(l-vJ/c»)*’ 


174. Alternative derivation. It can be shown that relations (16) 
and (16) also follow from the exact relations (‘13') and (47') of tho 
preceding chapter. n?or as usvral 


Z, 1 dXi _ t,d(ef--W‘) _dr _{, vi\-i 

dt " ~ d<T \ cV ’ 

¥{ dt^ ~~ da^ da^ dr^ ~[ C^j ® dr,^' 

Hence (43') or (64) yields, on putting r^ — r^= — r, 


r ' ^ 


HA 

) dr 


= 0 , 


and (47^) or (66) yields 


175. General inference. It has previously been remarked that tho 
equations of motion to whioh we have been led do not coinoido exactly 
with Einstein’s ‘speoial relativity’ equations of motion. Tho latter 
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depend on a confuBion of klcaa conoerning the timo-variable, the 
Bamo variable being omployod in Lorontz-transformation theory and 
ill the equations of motion of pseudo-Newtonian form. In our work, 
on the other hand, when wo use the Lorentz-transformation theory, 
in consequonoo of our adoption of a Boale of time t in which the 
fundamental observers or fundamental frames of reference are in 
uniform relative motion, the equations of motion have been of non- 
Newtonian form, and havo only reduced to a form similar to, though 
not identical with, Einstein’s, when we have made a logarithmio 
transformation of the time-variable. It is in consequence of these 
difloronoos that wo have not boon led to any exact integrals of linear 
or angular momentum in the maiiy-partiole problem. On the other 
liand, we have had exact integrals of energy, these being connected 
with the circumstance that, in tlie present theory, energy is on 
invariant, and nob the timo-componont of a 4-vector. 

The general inference from tlieso investigations is that doubt must 
bo oust on tlio validity of any world-nddo principles of linear momen¬ 
tum or angular momentum for unrestricted velooitiea, though they 
will hold very closely for velocities not comparable with c. Also they 
hold strictly for collinoar sots of particles. 



XII 
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176. The Keplerian problem in retime. We propose an examplo 
in gravitational theory of deep coainical interest to apply our oqua- 
tionfl of motion to determine the orbits of a set of parbioloa in tlio 
neighbourhood of a massive pai'tiole My and to investigate the light 
these orbits shed on the structure of a spiral nebula. We slmll 
consider these orbits in both i- and r-measure, but it must always 
bo borne in mind that i-measure is the more fundamental, an not 
containing the normalization constant Iq. We shall boo that the 
analysis is intimately dependent on a correct interpretation of 
constants such as and on theh elimination. 

We shall take the particle M to be a fundamental partiolo, and 
to represent the nuoleus of an extra-galactic nebula. It is rocognlTiCcl 
that the nucleus of an extra-galactic nebula is something mom 
complicated than a particle, but this idealization may bo i^orinittod 
in a first assault on tliis problem. It will not be assumed that tho 
spiral arms of a nebula represent orbits. Instead we shall take tlio 
arms for what they are—loci of the present positions of tlio partiolott 
constituting the outer parts of the nebula, 

Eor jP| ^ ci, 1V| c, the i-equation of motion in tho Koplorian 
problem, namely equation (67) of Chapter X, takes the approx ini a to 

dV _ P-Vi McH P 
di ~ Mo |P|®' 

We shall confine attention to motion in one piano, and thoi'of(jro 
(1) is equivalent to two scalar equations. We shall take one of tbcso 
to be the equation giving the radial component of aooeleraLion in 
plane polar coordinates, namely 


j. 

Mq ' 




The other we shall take in its integrated form (60), Chaptor X, 

= const, Xi. (3) 


In (2) and (3), dots denote differentiation with respect to i. 
To solve these equations, we ti’ansform to t- measure. 
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We put, OS usual 


and Bet 

Then 

and 


dt dr i 1 ^ / 

-r — -r> r + ^o> 

t Iq t^Q 

t 

r = 

to 

r = = 

<o'^<a tU 


Hence (2) becomes 
i, 


t„ tzv i /io dey _ jjfc’i /u* 1 

Jdr^ lo^ydrj ~ /i^oV/P^' 


or, dividing through by the faotor {(,/{, 


{^Y = 

dr^ ^ \dr) 


M<i\ 1 


y^M 


J/o />" P^ 
Similarly the angular momentum integral (11) boooinos 

= const. X I, 

Itdr 


r P 


or 


dr 


— const. Xfo- 


( 4 ) 

(B) 


(0) 


( 7 ) 


Wo 800 that 08 usual the transtortnation (4), (C) removes tho 
oosmical acceleration term from tho equation of motion, and trans¬ 
forms tho gi'avitational coGlTioienb given by 


cH 


into a constant given by 


c\ 


yo = 


_ ^ *'0 




Moreover, tho saino transformation roinovoa tho Bociilar propor¬ 
tionality of the angular momentum to i, leaving it constant, tliough 
proportional to tho constant Iq. Wo rocognixe (0) and (7) as tho usual 
Koplorian equations with p, t as distance- and time-variables. 


177. Limitation to rotation. Tho general solution of equations (0) 
and (7) will contain throo paramotoi^s: ii scale parameter, a shape 
parameter, and an orientation parameter. l’'he »haj)o xjai’umeter 
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may conveniently be taken to be the eocentiioity e. But non^zero 
values of e will oorraspond to orbits which give rise to the pliono- 
menon of star-ati’eaming in the family of orbits considorod. Tlio 
primary phenomenon in a galaxy Lg rotation, and we shall thcrefom 
confine attention to orbits for wliicli e = 0, i.o* circular orbits in 
T-measure, Relation (3), or its r-fonn (7), then exhibits the angular 
momentum of the system as arising from the secular magnification, 
by the couple due to the rest of the universe, of any initial amount 
of angular momentum resident in the system. 


178, If the orbits in r-measui’e are taken to bo the circles 

p := const. = pq, 

then (0) and (7) give 


(S) 


dd 

= const. 
dr 


The value of the constant is given by (6) in tlie form 


dr 




4 




This is simply the statement of Kepler’s third law for our oowo. If at 
epoch the particle iu its orbit is just possing through the position 
(Po>^a)» then (9) takes the integrated form 




(to) 


Relations (8) and (10) give a typical circular orbit oxproBSod in 
T-measure. 

The same orbit expressed in ^-measure is given, on using (^l) and 


t 

— Por> 

(11) 


(13) 


Eliminating the time variable t, the (r, P) equation of the orbit is 


e~e, = h^Y\og-. {i;t} 

\ PQ ) Pq 

This is the equation of an equi-angular spiral, of angle a given by 

lyM\ f,,. 
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179. Orbits apparently re-entrant. To the observer situated at 
the nebular nuolous os origin, and using tlio expanding metre of 
classical physics, the orbits will appear as re-entrant circles. The 
orbits will conserve this property of ajrpeanng re-on brant, oven to 
a distant observer on another nebular nuolous Avbo is using the more 
fundamental f^measiu’e* For in ^measure, an observer on one nucleus 
will reckon tlio distant nuolous os recoding with some velocity F; 
ho will reckon its distance as Vt\ and lie will reckon the angle sub¬ 
tended by the radius vector of the orbital j^article in the plane of 
the distant nebula (assiiining he is viewing it normally), as 

rjVt — PqIVIq = const. 

If he plots the orbit, however, in bhvoe-diinonsional space, ho will 
consider it as non-re-entrant, for it will take the form of a threo-dimen- 
Bional spiral lying on the surface of a cone, whose vortex is at himself 
and whose semi-vertical angle is PqIVI^. 

We do not, however, see the actual orbits of the partioloa confltitut- 
iiig a nebula, plotted in the sky. Wo soo the {Po> ^o) 

of the particles, each in its own orbit. 'JMic ap)Joaraiico of a spiral 
nebula in the sky suggoabs that wo are viewing the present positions 
of tlie particles in a onc-paramotor family of orbits. If this is so, there 
must bo some relation between the two inclopendcnt paramo tors 0^ 
and pQ which occur in equations (11) and (12), or (8) and (10). 
This relation, say Oq =/(/)o)» which will i:educe the family of orbits bo a 
onc-pavametcr family, will be j^rocisoly tlio equation of the locus of 
the present positions of the particles, which is whab wo wish to 
determine. It will ho the equation of the pi'osent pcjsibion of the 
spiral arms. 

180. The envelope of the orbits. If the orbits forma onc-paramotor 
family, tlicy may possess an oiivolopo. It was Hiiggested by E, W. 
Brownf that the observed arms of spiral nobuloe arc constituted by 
such an onvolopc. But there arc two arguments against this view, 
One is tliat it is higlily unlikely that tlio majority of the jiarticles 
w^ould bo passing through the points of contact of their orbits with 
the envelope at tlie moment we liappon to bo viewing tlie sy.stoin, 
The other is that the orbits wdll bo relatively closely crowded together 
near their onvoloxie, and would ho likely to perturb one nnobhci*, and 


t A8lro])hyii. Journ. 61, 111, 
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the resulting appearanoe would be unlikely to bo that of a one- 
parameter family of orbits, whioh is our hypothesis. 

For if the relation between the two parameters ffo aiid ia as 

S.-/W. 

and if the actual orbits of the one-parameter family arc in 
coordinates F{T,d,p^) = 0, 

then the envelope is obtained by eliminating po between the latter 


relation and 




0 . 


Suppose now that there are n{pi^dp^ orbits (i.e. particles) witli imra* 
meters between pg and po+^Po distributed along the prosenh positions 
6q =/{pg). Tlien when the radius vector of a given parbiclo is r, tho 
orbit-density in r is given by N{r)drt where 
N{r)dr = n(po)dpo- 
But dr and dp^ ai’e connected by 


Hence 

wWoh at a 
large. 


point of contact with the envelope 


becomes 


iiidoiinitoly 


181. Condition of absence of envelope. It beoonies clear, in foot, 
from the regularity of pattern of a galaxy, that the orbits cannot 
have had an envelope. We shall use tliis os a oluo to give tlio 
distribution of orbits. 

We must first emphasize that ^-measui’e is the more funclamontftl. 
As it is essential to recognize that the galaxies are receding, we uso 
the equations of the orbits in ^measure. To emphasize that wo avo 
using /-meaame, we shall replace pg by r^. The equation of tho orbitJH 
is then, by (13), 



These orbits, with parameter will have an envelope obtained by 
eliminating rg bet^veen the latter equation and 
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The envelope will therefore be given paramotrioally in terms of by- 


log- = 

^ ft 




Tlie family of oqui-angular Hpiral orbits ^vill thoreforo possosa an 
envelope nnloss the oxpresflion for 0 degenerates. It will degenerate 
to a constant, say if /(Tq) is Huoh that identically 

This may be written 

Tina integrates in tlio form 

i/(>’o) ^ j3rJ+(yoJlf/§)Mogro+oonBt., 


/O'o) — 




I«g»’o + - 


This can be written without loss of gonorality in the foim 


/('■()) = 


'yo_^'^''-oU I ffl 
rR / 


wKgto is some constaiib. 

Tims tlm envelope dogonoratea to the line 0 = fi when the present 
positions of the parti d oh in tboir orbits are given by 


\ ^0 / U 


182. If this equation gives the ])reHont positions of the particles 
(r,j,0(j) in their orbits, then the equation of an orbit in ^iiioasuro takes 
the pammctric form (eliminating from (12)), 


\^o/ V '^b/ ^0 


The (?’, 0) equation of an orbit which readies tlio radial distance Vq 
at time Iq is iiocordingly 


9 “^+ 


r, 


asws.as 


M 
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Henoe all orbits pass through tlie fixed point (in ^'ineosuro) 

r = r^, 

The locus (16) also passes through this point, which is readily found 
to be the point of contact of each orbit with the envelope. Thus tlio 
degeneracy oonsista in the envelope reducing to a single point. 


183. Physical description of the family of orbits. Tho family of 
orbits to which we have been led consists of orbits pursuod by Iho 
different particles which have successively passed through tho llxoil 
point r — S = Now it has been a feature of theories of ]iobular 
evolution to regard the arms as consisting of particles einiUed from 
one, two, or more points on the rim of a nebular nucleus. Witlioiit 
having hod these theories in mind, we have been led to consider the 
family of orbits represented in a spiral nebula os pi’eoisoly a family 
of orbits pursued by particles emitted successively from a fixed 
point, 

Let us now adopt this as an hypothesis, and explore the oonso- 
queuces. The orbit (11), (12), will have passed through tho fixed 
point (jS, Tj) at the epoch if 

= (^)bogJi, r, = (IH). (l») 

Eliminating between these equations, we have 

e,^p+{^]hog'X (20J 

\ “^0 / ^1 

which is precisely the locus (16). Thus (20) gives tho equation to 
the spiral arm at epoch being the relation connecting Oq and 
the position at time Let us see what this locus becomes at time 1. 

The particle at (r^, 5^) at time passes to (r, 9) at time /, wlioro 






(21), m 


Eliminate and Sq between (20), (21), and (22), Then the (r, 0) Iocuh 
at time / is given by 




YoMi^t^ _ y,Mt^ 

}‘3 


{23) 


but 
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on using yq = cH^Mq^ = cH/Mq, Hence (23) becomes 

This should be the equation of the spii'al arm at time t, assuming (20) 
gives the spiral arm at time 1^. We now note the remarkable fact 
that in tlie course of eliminating 6q and ?'o from (20) by means of the 
pararaetiio equations of the orbit, (21) and (22), wo have also 
eliminated t^. Locus (24) contains no mention of (q. Further, (24) is 
precisely the form which (20) would take if wo replaced Iq wlierovor 
it occurs in (20) by t. 

Thus (24) represents the permanent equation of a spiral arm, valid 
at any time t. It contains besides the constants ^ and and the 
nuclear mass My only the epoch t\ not present. We see that this 
result depends intimately on the ‘oonstant’ of gravitation being 
proportional to t. 


184, The permanent equation of a spiral arm. Lot us now boo 
whether (24) is the most general equation possoasing tliese properties. 
Suppose, quite generally, that the equation of a spiral arm at time 

0^F{r,i), (26) 

80 that at time Iq it ia Oq = /.(,). (20) 

TJion 08 the particles are displaced along their orbits Iroin time Iq to 
time I, (26) must pass into (25), and so, using (21) and (22), 

F(r,l)-F{rQ,lQ) = 

Eliminating Tq by means of (22), we get 

Put F{r, 1) =-. log ~ + Mr, 0. 

where is some constant. Then 

Inserting these in (27) wo get 

'A(»'.0-lA(y.<o)=0. 


(27) 
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Put ^ = ,T. 

t 

Then 

Thiifl t) is a function of x only, say 

ils[xt,i) = a)(-T), 

or 0 = <S>{rjt). 

Tlius tlie moat general form of an arm of a spii’al, that ia, of tlio 
present positions of the particles, wlien the orbits are the equi-angnlar 
spirals (21), (22), is 


But the argument of the function O, as well as ® itsolf, must bo 
of zero physical dimensions. We tliei*efore neod to divido rjl by a 
constant of the dimensions of a velocity. Seeking as we are a gc?ier(tl 
theory of spirals, we have no such constant available except o, tlio 
speed of light. We should therefore expect the form of an arm to 


whence 


Ct 


® I—) const. ~ /9, 


say. Hence, substantially, tlie most general equation of a sjnral arm 
must be of the form 

which is precisely (24). 

It is possible, of course, by suitable airangeinent of the partiolos 
constituting a nebula at some time Iq, to have O(ro//o) arbitrary 
function of Tq, say >S(ro). Then (I)(r//) := but tliia will not bo 

in general independent of It is in this sense that (24) may l>o 
described as the permanent equation of a nebular arm. 

185. Alternative form of equation of orbit. We Iiavo given 
already two equivalent forms of the equation of an orbit, nainoiy 




-r = ^'or. 

ffl 


(28). (29) 
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o = p+l^ 


I ^ 

logr. 




(30), (31) 


^0 = 

h 


equation (30) may also bo put in the form 

n „ Q 


= N- 


L ^0 > 

nmM 


wliore Vi = cHJMq. 

This gives tho orbit of the i)articlo wlholi has passed through the 
fixed point at epoch ty in terms of tho constants and j8 and 
tlie parameter Tho relation of tliis form of the (r,0) equation of 
the orbit, namely r . 

to tlie (r, 0) equation of tho arm at any time f, namely (24), sliould 
bo noted. 

186. Properties of the spiral arm. The orbits, wo have scon, are 
in. i-measiu'o oqui-angular spirals, 'flie equation (24) wo have found 
for the arm of a nebula is also a spiral, but not an oqui-angular ono. 
It lias the unoxpeoted property that it inakos a finite number of 
turns in the sense of tho orbital motion, and then an equal number 
of turns in the opposite Honso. 

Tor, from (24), in the usual notation, 

\T\ 


(10 

dr ~ 




Tlnis tan</> passes tlirough a yioro at r ■— — 1*0477 fj, and tlien 

ohangos sign. It is clear, in laet, that 0 -> for r -> and for r -^oo, 
and that in between it has a single maximuin, namely at r = eh\. 
The number of turns itiado between “ /3 and 0 ~ 
given by 


“ 27r\ ch'i j 3 “ 37re\ r" I 

The equation of the nebula arm can tliorofore bo written 


1 


1 l yiMi^ U 

37re\ r? J 


0 — STrerl 
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At epooh 

_ 

\cO 

11 

11 

(36) 

and 

II 

IB 

(3«) 


^0 \hl 



Ifc is clear that is the scale parameter, v the shape paraiuotor, of 
the spiral arm* We have, moreover, 


3?re\JI/Q 7 ^ 1 ) ’ 


m 


so that Tq is proportional to the square root of the ratio of the moan 
density of the nuclear region of the nebula to the present moan 
density of the imiverse near oui'selves. 

For a galaxy similar to our own galaxy, with itf/r? oorresiionclliig 
to the mean density inside the sun’s distance from the centre, the 
order of magnitude of vq os given by (36) is about 2*0. This is in 
agreement ^vdth the observed fact that the number of convolutions 
in. spiral nebulae is generally of the order of 2 or 3. But moit> im¬ 
portant still is the circumstance that actual reversals of tlio soiiso 
of turning of spiral arms have been observed by Lindbladf for the 
spirals NGC 2681 and 3190. These spirals were found by Bind bind 
to possess faint outer arms wliioh trail, in addition to the main inner 
aims which proceed iu the sense of the orbital rotation. The exist once 
of a turning-point was in fact first suggested by Lindblad, on a tlioory 
different from the one here propounded. 

The turning-baok of the spiral arm is more sudden tho larger is r, 
but it is fairly sudden even for v so small as 2. Tor as small as 
the general effect for a pair of arms issuing from a pair of antipoclnl 
points is to give an appearance resembling a barred 

spiral. 

It is not necessary to the present theory that every spiral nebula 
should exhibit both direct and rotrogi'ade convolutions. The raaterini 
in the vicinity of the turning-point was emitted at the epoch 


h = e-'% = 0-6134^0, 

and the outer convolutions must have been emitted at opoohs 
earlier than this value, the inner convolution at epochs later than 
tliis value. If emission of material from a point began bofoi*o 

= 0'6134ijj, outer retrograde convolutions should be present; if 


t Stockholm Oba. A7xn, 14, No. 3, 1042. 
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Dinission ooourred after = 0*6134^^, inner, direct oonvohitione should 
ba present. 

Lindblad has suggested that both dheot and retrograde convolu¬ 
tions may be present in tho Andi’omeda nebula, M31. 

187. General conclusions. Our general conolusion is that the 
spiral arms of extra-galactic nebulae are tlie loci of the present 
positions of particles emitted at various epochs from ono or more 
fixed points. Tliis is not an inevitable deduction from Idnematio 
relativity, but it is the conolusion to wliich kinematic relativity 
points. 

It was suggested by Jeans in his Adams Prize Essay of 1917, 
Problema of Cosmogony and Stellar Dynamics, that spiral arms might 
originate at points in tho edge of a lenticular mass of compressible 
material in rotation, tho points being determined by the general 
tidal action of the rest of the universe. Tliero would of course bo no 
not tidal action on a nucleus which was strictly a fundamental 
particle, as tlio rest of the universe would bo disposed symmetrically 
about it; but o^ving to departures of tho system of the galaxies from 
tlie ideal sabstratum, tlioro will have been In general a residual tidal 
pull at tho time tlie edge was in a state to shod material, Though 
Jeans accounted in this way for of nebular arms, he was 

unable to explain tlioir spiral eluiractor. In 1928 he summed up his 
viowsf by saying tliat 

*bliD furbhor iiitorpre^tulioii (of Hpiml nniiH) foniirt ono of most puz/Iing, 
08 well ns (liscun(!('rting, ]>rol) loins of coHinogony. . . . Each faihiro to ox plain 
tho Bpiml arms makc's it inoro aiul moro diftloiilt to roaist a suspicion that tho 
Bpiral nobiilao arc tho st'iil of typt^s t)f Ibrct's ontiroly iinknowii to ua, forcoa 
wliicli may possibly (’xpit’.sH novel aiul iiiiausjioctod proportion of fipaco. Tlio 
tjqjo of conjooturo wlii(!h jirosonUs iUolf, snmowluit insistcmtly, is that tho 
confcros of tho nobuliu^ aro of tho naturo of singular jKjints at which matter is 
poiii’cd into our uiuvorsi’' from sonit^ otlu^r, and ontiroly oxtranoouB, apatial 
dimension, so that, to a d(MU7.(’n of our imivorao, tlioy a])poar as points at 
whioh matter is continuously btung croatod.* 

Tlie analysis of tho pfosent volrimo is in general conformity vdth 
these speculations of Jeans, though it has had a very different origin, 
ff'lio centre of oaoli nebula, before tlio nebulae separated from ono 
another by the expansion of the univeme, has indeed been a singular 
point, wliere matter was cmatod at some supra-sensiml event, wliich 
is the origin of time for our (-scale. Tn my earlier monogi’aph, 
t Astronomy and Cosmogony, p. 352, 
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HelaiivUyy OravUcUion, and World-Structure, I traced tho separation 
of tlie nebular nuoloi from one another, in virtue of tho expansion 
from the initial grand singularity, and showed how they oarriwt 
aggregations of matter with them. The statistical analy&ia of tliat 
volume described a higlily idealized system of idealized galaxies, and 
did not go further than to endow every nebula with spherical sym¬ 
metry. It traced the interohange of membership by particles of one 
system with members of other systems. Tho present investigation 
has completed the picture, by tracing in detail tho local gravitational 
effects on the motions of the particles belonging to each suh^systom, 
Assuming that each sub-system poaseeses a plane of ejonmebry and 
on axis of rotation, we have shown how the angular moinoiifcum is 
in creased as time advances. Then, using the doduotive theory of 
gravitation and dynamics hei^e developed, we have traced the evolu¬ 
tion of a spiral arm, as the locus of present positions of particles 
tliemsolves describing spiral orbits. Chief amongst the now properties 
of gravitation to whose existence Jeans speculatively appealed Is the 
secular dependence of the ‘constant* of giuvitation on tlio epoch. 
We have seen that due to this we could isolate a permanent equation 
of a nebular arm, independent of special initial conditions, an oqi^a- 
tion whose general form at time t is independent of the normalization 
ooustanb We have connected in an intimate way the spiral foi'iu 
of the nebulae with their recession. (It has been repeatedly em¬ 
phasized by Vogt that there should be a cosmological oontioxion 
between these two phenomena.) Both effects can only be pixiiiorly 
treated by using ^measure of time, and not the ordinary d 3 niamioaI or 
Newtonian measure of time, r. The latter is an ephemeral measure of 
time, since the descriptions of phenomena in teims of T-iUGasurcB 
involve mention of a parameter Iq, which plays no part in ^-inea,siii*o. 
The spiral chamoter of the nebulae wites for us in the heaven a tlm 
message that the ‘constant* of gravitation is not truly oonstant, jiint 
as the red-aliift writes for us in our spectroscopes tlio mess ago of ilio 
expansion and the natural origin of time. We see wdiy the galaxica 
have a fairly common pattern. Their shapes depend on a eingio 
parameter, measured by the ratio of the nuclear moan density to tho 
mean density of matter in the smooth ed-out universe, this paramo tor 
determining the niunber of convolutions of a spiral arm. Wo soo in 
a general way why this uiimber of convolutions is in general small, 
for it is equal to the square root of the above ratio divided by 
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Sttb = 26'6. The theory also in’odiots the roveraal of the sense of 
winding of the spiral arras aa possible in certain nebulae, a reversal 
whioli has been observed by Lindblad. 

A most satisfactory aspect of the general theoi’y of the spiral 
nebulae here put forward is that it makes no sudden bi*eak with 
No'wtonian theory, but involves a modifioatioii of it which is only 
evident over long periods of time, This modification is not ompirical 
in origin, but is essentially oonnoctod with the bfisio theory of 
measurement on which Jdnomatio relativity i-olios, The spiral 
oharaoter of the nebulae is in fact a substantial piece of observational 
evidence that Id nematic relativity is on right lines. 
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THE ELECTRODYNAMICS OP POINT-CHARGES 

188. Hierarchy of possible forces. We have seen in Chapter X 
how we derived gravitational forces from the diffei’entiortioji of a 
scalar potential x* Tliis referred explicitly to a pair of iiartiolofl, 
and it had a singularity when the two paHioles appi*oaohod co¬ 
incidence. Tliia aiugularity arose in connexion with a denoininator 
—Xj which plays the part in Idnematic 1 ‘elativity that the 

denominator 1/r plays in elementary potential theory. Bj' the 
addition of terms of tins type, or by integration, we can goiiorato 
moie and more complicated gravitational situations, iiiolnding tho 
gravitational properties of continuous or quosi-continuons clistriJ)U^ 
tions of matter, but we shall never, by this means, emerge frojii tlio 
domain of gravitation. Phst-order differentiation of 4-SGalar 2 X)toii- 
tiala may be expected only to generate forces of gra-vitational 
character. To represent the j)henomena of electrodynamics wo 
require aometliing essentially different. 

The next hieiTOcliy of possible forces after gravitational forces may 
be supposed derived by the second-ordeT partial differentiation of 
4-8oalars wliioh may be called super-potentials. Tho second-order 
differentiation of a 4-8calar yields, however, a tensor of the eocoiid 
rank, whilst what we are seelring is a 3-vector, namely, soinothing 
to express the meohanioal force acting on a charged particle duo to 
the presence of an electromagnetic field. To derive a vector from 
a tensor, our only recourse is to form its inner product witli an 
existing vector. The only 4-vectors at our disposal associated with 
a particle in motion are the position-epoch 4-vector (P, c/} and the 
velocity 4-vector (V/T^c/T*), We shall content ourselves with ex¬ 
ploring the consequences of using the association of the rank-2 tonnov 
and the velocity 4-veotor to represent the new type of meclianicul 
force. 

189. Introduction of super-potentials. Take an undeflnod scalar 
a fimotion of two 4-veotors, (P„c^,) and and possibly 

of their associated velocity-vectors. We seek to define <^21 &uoli 
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a way that ita double partial differentiation is to represent the effect 
of a singularity at on a test-partiole at P^. It is to become infinite 
as -Pi ^2* when at the same time We shall wi'ite 


^23 

dy^dz^ 


( 1 ) 


_ _ ^^^21 

^^21 
dx^ dz^ 

(!') 

y \2 

_ 

dx^dy^ 

dy^ dx^ 

( 1 ") 


_lpVs!i 

c \3a;i 9ig 

^^21 \ 
dx^ dt^l 

( 2 ) 

T 

-^24 

_l/aVai 

® \^/i ^^2 

^^21 \ 
dy.,8lj' 

( 2 ') 

T 

-^34 

c 

\ 

Sz^dlJ' 

( 2 ") 


ni _ rn //T fn fry _ m 

■^41 -^14» -^42 ^ ~-^2\y -^43 “ -^a4» 

^11 = ^ ^^33 ” ^44 ” ^ 1 * 

Hero WO have written for P^, (^t' 2 ,y 2 ’^ 2 ) We shall call 

the 3-vector constituted by the coinponouts of the 

tensor T; and wo shall call tlio 3-veotor constituted by tlio com¬ 
ponents P 3.1 of T. We do not at this stage call the 

magnetic intensity at or tlio electric intensity at we shall 
have later to identify and E^ witli tho magnetic and electric 
intensities from their pro])orties. 'fho complete namo-soliomc for tho 
components of T is then expressed by 


^u. 

^’l2, 

T 

-^13> 

'A,] 


' 0 





^22> 

'P 

Ai 


-lA 

0 

iA 

Ey 

a’31. 

7' 

-^oa’ 

T 

-^33> 



ih 

-JA 
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^U. 

T 

-^42> 

7' 

-^43» 

A, ] 


-K 
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T is a skew-symmotrio oovariant tensor. Wo call the G-vector 
(H, E). Tlio metric for tliis tensor is 

ds^ = g^^^dxf^dx^ “ c^dt^—dx^—dy^—dz^y 

where wo have witton dx^ — cdt. Associated with arc the 



172 


electhodynamics 


Patl IV 


oonti’avarianttenaorT/^'' = the transposed oorarianttonsoi' 

~ the transposed contravariant tensor 

A being the alternate tensor associated with ds^. 

If are contravariaiit 4-vectors then their space parts form 

S-veotors Oi R and wo shall write Wg oan con¬ 

struct from and the covariant skew^sytmnetrio tensor 
and its oontravariant and ti’ansposed forms. The com¬ 
plete aolieme of components expressed in terms of 3-vector's and 
associated scalars is then 


T^y — (H, E), 
iPf" = (-E. -H), 


= (Oi«,-R<3,,OAR), 

= (OR,-R§<. -(O aR)), 

= (_(0 aR), -iQBt-JlQt))- (3) 


190. Construction of force-vector. To generate a conti’avarinnt 
force-vector from (H, E) or and the oonti’avariant 4-vootor 
(V/T*, cJY^) or say 7*', consider the expression 


. F^ = g^i-V'’T . 

This IS the 4-veotor 

/,E , VaH E.V\ 

Fi ’ Yi )■ 

If we write simply {k being an arbitrary scalar) 




p = 






( 6 ) 


and introduce this value of (F, F[) in the energy fonnulao of Chapter 
VI, namely 


Ir* z 

we obtain from the first 




( 0 ) 

(7) 


E.(Vi-P) 

z ■ 


PaV.H 1 d, 


( 8 ) 

(9) 


and from the second 
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Tliefie are inoonBiatent, Accordingly (6) is inadequate as a possible 
form of the mechanical force-vector duo to (H, E). 

Our previous matliomatioal experience of the use of integi’als (6) 
and (7) suggests that they will become consistent if we add to the 
right-hand sides of (6) terjns which represent the effect of the change 
of mass with velocity. Wo accordingly sot tentatively 



Inserting these in (0) and (7) wo find tlmt we recover (8), and (7) is 
then satisfied if for a wo take 




Accordingly we put now 

F-i(E+ 


VaH\ , V 1 (J, ,,, 




k E.V . c 1 d 


( 11 ) 

( 12 ) 

(12') 


and the energy-formula reduces to 

^|(,.«=>{.) = |(e.(V.-p)-E^). (13) 

This may again bo written 




VaH 

c 



(14) 


To effect an identification of E, H with the oloctrio and magnetic 
intensities, wo shall want (14) to rojiro.sent the rate of })orformanco 
of work by the Larmor-Lcu’entz pondoromotivc force 


c 



VAi-n 

— J ’ 


(16) 


in pushing the particle relative to its immediate cosmioal aiirround- 
iiigs with relative velocity V—P/^ Wo want theroforo to remove 
the denominator Z without introducing any more functions involving 
position. Hence wo put 
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^here is at present on arbitraiy constant of the dimensions of n 


iime. 

Finally then, the ponderomotive force is 



„ e 2/E , VaH\ V Id, 

(10) 

with 

p e Z /E.v\ c Id, ... 

(10') 

and the energy equation is 




(17) 


The mnltiplier e we shall later identify with the charge on the x^fvrtiolo 
oonsidered. 

191, Motion of a pair of charges in one another’s presence 
and the presence of the substratum. The equations of motion 
of a charge now reduce to 
TTllfJ d 

n ^ 

and 

d 

n dt_ _ .. 

and we have a similar pair of equations with every symbol auITlxod 2 
instead of 1. The term in (F, J]) representing the efToot of oliango 
of mass with velocity has been used to cancel a term on each loft- 
hand side. We notice here an essential difference between olooU'o- 
magnebio forces of the kind we have introduced hero and gi*avitatic>ind 
forces, which involved a term in the change of mass with velocity 
of double the amount we have obtained here. We shall have later 
to show how to write down equations of motion containing Imtli 
eleotrodynamio and local gravitational forces. We also note ilio 
ocourronoe of wliioh made no appearance in the purely gravitatiunni 
^equations of motion. 

Equation (18'), though it contains a 3-soalar tenn E. V, must lujt 
be mistaken for an energy equation; the actual energy oqualion is 
(17). Equation (18') follows horn (18) on scalar multiplication by 
^Jc. The energy equation (17) follows also from (18) and (IH') on 
multiplying (18) soalarly by 
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192. Use of super-potentials. Introduce into the energy equation 
(17) the values of the intensities Ej and given by theii- expressions 
in terms of the super-potential We obtain 

± d , ^ ei M Y \ 

_ V \I 

^ \^2/i ^2 ^JiJ f 

where we have witten {o^iyViyZ^) for and for We 

rearrange tliia equation in tho form 


^0 


-2" 




( . ^ 9 ^ 9 \, 


If we write 


« h- = ‘^W+^'‘-W (<■.-=1.2), (I 


the foiegoing relation may bo wi'itlen 

/... _0>l\ 1 ^ I 17 ^ \/ T 




J' i^r ‘ linl (^ 21'!'-^11 


cIq 


Writing down tho corresponding relation lor ])articlo 2 by inter' 
changing tho suflixes 1 and 2, midtiplying tho two roUitionR respec¬ 
tively by dljdty dtjdty and adding, wo got 


dll 




dl^ I dl-^ / d 




^^'dl ' do dl\i)li ' ‘ dlV' ‘ 




^2 ( 1^21 9 




i+-^ 2 a 0 i 2 )' 
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Here i ia a parameter wliioli it is imneoessai^ at this stage to specify^ 
a parameter giving a rule of simultaneity for events at and 
Some such rule is clearly necessary, as in all many-particlo problonia, 
before we can attach a meaning to adding together the energies of 
two discrete particles. 

The foregoing equation should bo capable of expix^ssing tlio rate 
of change of the Bum of the mechanical energies and 

of the two particles in terms of the new (electrical) cliaraoteristioa 
involved in the parameters and To make the loftdiand eiclo the 
complete time-diffei’ential of a function of the variables involvocl, 
we now endeavour to choose the super-potentials (f>zi and 
a way that 

= ( 21 ) 

c«0 

aay, where 0 is symmetrical in the suffixes I and 2. Thou, since 


dt 



oru’ energy-relation may now be written 




dl dt 


XfGt ua now endeavour further to choose <;^ 2 i ^la such a Amy 
that the terms on the right-hand side not depending on the accoloiTi' 
tions and all vanish. This requii^es 


— ^ 21 > ^ 22^12 — ^ 12 - (^'^) 
These conditions will ensure that when the accelerations vanislL 
something we propose to identify as the total energy will remain 
constant. Conditions (23) will be satisfied if is ^ homogoneous 
function of degree —1 in the variables and ^^2 ^ liomogonoous 
function of degree — 1 in the variables 


193. Explicit forms of the super-potentials. The super-potential 
is to determine the field at due to at (Pg^^a)' 

therefore be expected to have a singularity at = Pa> li — 
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Oor previous work on gi’avitation (Chapter X) suggests that we oon- 
aidor the 4-scalar I 

This as it stands is of degi’eo — 1 in and it will remain a possible 
(j} 2 i even if multiplied by any d-acalar not oontainiiig i^. We have 
now to consider how to satisfy (21), It is clearly anffioionfc if 
symmetrical in the suffixes 1, 2. By dii’oot 
differentiation we find that 

aaid honoe bohavoa as a ooustaiit under the linear 

operator Hence if wo put tentatively 


p '/''21 _ 

^‘“{Xlf.-X.x,)*’ 




where i/tjj, are 4-8calai's, (21) will ho satisHod if i/ijg are ohoson 
to satisfy Au<A 2 i = 4WhB. (27) 

and at the same ti)ne does nob contain the d-vootor (i^dj and 

does not contain the 4-vocto7‘ (i^^, do). 

To find a simple solution of this identity, put 

^ /,-P,.V,/c2. (28) 

^12 ^i-Pi • V,/c^ (28') 

Then 2J7}, ZJY\y 4-soalarH, being 4-scalar pro¬ 

ducts of a positiou-opoeli vector witli a velocity-vector. Wo notice 
that / y y r y y 

-^21 ^ ^21» ^^21 ^12 ^ 2 - 

Honoe + (‘-^^0 

(L ^2 and ^21 arc in fact interchange operators when acting on 
expressions linear in /g, and liyl\ respectively, roi>lacing 2 by 1 
and 1 by 2,) It follows that wo may take to be jjroportioiial to 
Z^Z^JY\Y\, 0^2 proportional to Zj^ We shall now imikoa 

special choice of a constant of projxu’tionality with a view to hitor 
idontifioation, and write dodnitivoly 

021 ^ 2^2 / Vo ~ w V 4 » 


1 yjt^ A/21 

“'’'(Ai,-XiXjuiyi’ 

(30) 

^ *(Av-ViA'u)*nir 

(3(0 
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whenoe 


<5 =!= i ^12 ^21 + -^! 

2 ci, {Xl^-XM^r{Yi' 


The equation we expect to be an energy equation now* rnna 

Our choioe of the conditions governing and <^^3 Iihh boon 
detenmued by a desh-e to make the right-hand aide of ( 22 ) vnniah 
when the aooolerations and \ vanish. It must be rocogiii?;o<l that 
we are constructing an electrodynamics in muoli tlie same \vay tlmt 
a pure mathematician oonstmots a geometry. What wo oonatniot 
is partly at oxir disposal. Our aim is to oonstruot something con¬ 
taining features which oon’espond to features of classical eloolxo- 
dynamics. With this object we have imposed ( 21 ) and (27) in order 
to force the energj^ equation into the form (32). This will give tlio 
rate of change of total energy as a linear function of the noceloratlons 
0 the two charges provided O can be identified aa the olootrlcni 
energy associated with the two charges in one another's pi’OHonce, 
in which case the right-hand side of (32) will give the iiogative of 
the rate of radiation of energy, ^dRldL We have tlien 


where 


^'aVo dr 


distinction from gravitation. Befoi‘e we paas on, we roinark 
a very simple solution of identity ( 21 ) would have been given 

^91 = ^ Xy 

Por then we should have had 
L 12 X 2 =: 

and for 0 we should have had a 4 -scalar proportional to 

- _ x^^ 

(Xl,^X^X,}r 

Clmpter X for tho JWiitual 

reo V d ^ particles. We should have moroly 

woorered o„ pavitaUo,,,! u,eo.y. A. . eh«,k, notioo 0 ,»t Hi.,00 
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tliis value for (D would nob contain or Vg, the rate of radiation 
dlildt would bo zero, and so the sum of the meohanical energies of 
the paiiiolos and their gravitational energy would be oonsorved, as 
wo found in Chapter X, There is thus no radiation of gravitational 
energy, on the present exposition of kinomatio relativity. It is clear, 
in fact, that to got something beyond gravitation, wo need a solution 
of (21) and (27) involving the velocities of the particles. This roquive- 
meiib is met by the solutions (30), (31). 


195. Explicit forms of field*intensities. It now remains to inquire 
whether the values of E and H derived from </» 2 i l^y ii^cana of (1) 
and (2) reproduce the properties associated ob.sorvationally with 
electric and magnetic fields, Wo therefore consider tlie 0-vector 
(Hj, El) defined by 



We wish to see wliether this is the Held produced at by 
At fii’st sight, tlio outlook is unpromising. Sinco (X’fg—J 
l>]ays the part of 1/r, the double partial diiTerentiatioii of tlic product 
of this with a scalar numerator would normally yield terms in l/r, 
1/r*, 1/r^, Bub now a miracle occurs which we did not arrange for. 
Tho proapectivo tenna in 1/?*^ fail to ai)poar on ae(5ount of the 
unexpected identities 


/ \ 

\%1 ^^2 12 " ^^ 2 )^ 

/ \ 1 

[dXy^ di^ dlj -^ 2 )^ " 


whilst terms in l/r fail to appear on account of the identities 


/ a* 

a® \ 



1 a* 

a* \ 


aarg atj 


We are loft only with terms comparable to l/r^, and iiie invoice 
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square law of Coulomb appeal’s. We find in fact from (3(5) 
and (36) 


(37) 

TT _ A fi) /jKl 


To sea the meaning of these apparently complicated formnlao, 
take the observer 0 to be at Pj, the source. Tlien Ij = 0, Xj — f|p 
^la = kti, K = «a. -^a = h and (X?j-XiXe)-J = cV^^IPil®- Wo 


find then 


E = 

' Ym\Pir 


(30) 


Hx 


^ji(Vx+V,)A 


A. 


(40) 


As regards theu distance-factors, these are exact inverso sqnaro Jaw 
formulae, They contain in addition the velocity denominators 
(30) is sufficient to identify Cg as the electrostatic charge 

at Pj, 


196. Properties of the field ^Intensities. Several features of those 
formulae are of interest. In the first place, disappeai's wlioii O ia 
token at Pg- Thus for the observer for whom tiie inverse square law 
is exaot, the only epoch that is relevant is tlio epoch at 2\y tho tent- 
ohaige. This value is the instant in 0^8 experience to wliioli tlio 
formulae refer, but even tins has disappeared in forniulao (31)) arid 
(40). We see that for an exact statement of the Coulomb itivor^^o 
square law, the observer must always bo explicitly mentionetl, as 
being at the field-originating charge e^. 

As regardfl the velocity donominatoi-a, Tf we shall soo tho 
effects of these when we come to evaluate the eleotrodynaiiiio IbrcL'H 
in a simple model atom. 

It must be borne in mind that (39) and (40) refer to ideal point- 
charges, The point-charge in this formulation has no structure—it 
is just a singulaiity. These formulae for E and H have been dcriviid 
in connexion with a definite dynamics, and wc shall show in duo 
course how when the interaction of two charges is oonsidorud 
with the aid of this dynamics, the point-charge behaves as blioiigh 
it had a well-defined radius. 
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Tlie formula (40) for the magnetio intensity at due to a charge 
€3 at Pg moving with velocity Vg, as measui'ed by a test-charge at 
Pi moving with velocity the volooities being measured relative 
to an observer at cosinical rest at Pg, is generally akin to the law 
of the magnetic effect of a moving charge usually attributed to Biot 
and Savart* It reduces in fact to the latter law when we take Vi ^ 
Biot and Savart’s law being of the form 



But in formula (40), the of Biot and Savart’s law is replaced by 
■^(yL-t-Vg), Vi being the velocity of the test-charge, \ velocity 
of the source-charge, 'J'his means pri?na facie that the test-charge 
itself contributes to the magnetic held it is measuring. In other 
woixls, tlie magnetic field at a point P^ is only definite when the 
velocity of the test-charge used to measnro it is specified, and then 
the value attributed to the magnetic Rold depends on the velocity 
□f tliG test-charge. This becomes plausible when wo consider that 
tlio motion of the tost-cluirgo relative to the source-charge makes 
the test-charge api)Gar to bo in the field of a cuiTcnt element at the 
source-charge, and tlio magnetic field of this ciiiTent element must 
bo in evidence at Pj. In fact wo may write 

i(V,-|-Vj) - V,-|-|(V,-V,). (41) 

which shows at once that over and above the Biot-Savart contri¬ 
bution to the magnetic field at 1\, duo to the motion Vg of the sourco- 
oharge at Pg, there is a contribution depending on the excess velocity 
of tlio teat-chargo over tliat of the source-charge, of amount one- 
half the Biot-Savart value that would be calculated from this relative 
velocity. In this complicated question of the meaning of a magnetic 
intensity duo to moving point-charges, there are throe significant 
velocities concerned: the velocity of the obsorver, the velocity of the 
sourco-cliargo, and the velocity of tlie test-ciiargo, and a projior 
assessment of the magnetic field dojioiids on a correct rolativisbio 
treatment of all three vofocitios. Wc liave tlironglioiit taken the 
obsorver as at local cosmical rest; and For a general position of the 
observer all effects will be correctly taken into effect by formulae 
(37) and (38). When the observer is made to coincide in position 
(though not in velocity) with the souroo-cliargo Cg, the oloctric and 
magnetic intonsitioH are given by (30) and (40) wherein still two 
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velooities appear in the magnetic intensity, apart from the relativiatic 
denoniinatorfl There is thus no such thing os an ohjeotivo 

magnetic field independent of test-charge; in the absence of^ or 
(perhaps we should say) owing to the non-existence of, disoroto 
magnetic poles, a magnetic intensity con only bo introdncod as a 
component of the mechanical force acting on a moving tost-ohargG, 
and its value then depends on the oiroumstanoes of motion of the 
test-charge. 

The effect here found generally was flmt discovered in a particular 
case in 1026 by L. H. Thomas, in treating relativistioally the motio]i 
of an electron round a proton* Relative to the electron, the pi-oton 
is moving round it Ptolemaic fashion, and contributing a rnagnotio 
fi.eld at the electron; it accordingly has an influence on tho motion 
of the electron over and above the simple Coulomb attrncfcloin 
L- H. Thomas also found the factor ^ in this particular oaso, ns 
multiplying the effect that would be calculated by a cnido applica¬ 
tion of the Biot-Savarb formula. For V 2 = 0, the intensity Hi at l\ 
measured by is proportional to i.e. for an atomic nuolouH nt 
rest, the effective magnetic field coiTesponds to ono-half tho linciiT 
speed of tho orbital olecti'on. We shall consider the effects of Uiih 
later. I content myself with remarking at tliis stage that siuco 1026 
Thomas's effect has been rather lost sight of, owing to the attributitm 
of 8j^in to electrons, with a consequent magnetic momonfc. In my 
view, tho various effects supposed to be duo to electron-siiin tiro in 
truth consequences of the non-objective existence of magnetic floIdH 
due to moving charged particles, Just as in current spootroscopio 
theory each electron's spin is supposed to contribute its aliaro bo Iho 
total angular momentum of the atomic system, in ray view onoli 
eleobi’on is really contributing to the magnetic field at itself by its 
Q^vn orbital velocity. In some way, it seems to me, the part playcti 
by electron-spin in cun’ent theory is really played by the olGotron'H 
o^vn velocity. It is in any case difficult to maintain the coiicopt ot 
electron-spin and at the same time treat the electron as a point- 
siugularity, and the rational course seems to be to abandoji tho self- 
contradictory notion of electi’on-spm. 

If the intensity of a magnetic field depends on the velooity \ (»l 
the test-charge used to measure it, how comes it about, the romlor 
'will ask, that we can measure the magnetic field of a porniaiiont 
magnet? Now the magnetic intensity Hj at due to a system of 
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moving charges Cj. ^ 31 — At -?*■ P 3 ---> moving with velooities 
as meaaui-ed by moving with velocity %, will be approximately, 
apai't from minor relativistic refinements, 


H,= 


«-2 


P»-P« 

|Pi-P.I®‘ 


But the eleoMo intensity ia given by 


Hence 


E 


1 


'2 


Pi-P, 

IPx-PJ*' 



a^a 


A ^ I ^ ^1A Ej^ 

c ^''iP,_P^18 + 2 c ■ 


(42) 


(43) 

(44) 


If therefore the aystom of moving clmrges, responsible for the 

magnotio field at is eleotrostatioally neutral iis regards its resultant 
eloctrostatio effect at P^y tlie second term on the right-hand side of 
the above equation vanishes (E^ — 0), and is then independent 
of Vl- Theie ia therefore in this case an objootivc magnetio field. 
This aocomita for the exiatenco of a magnetic field from such a body 
as a ponnanent magnet, which is, of course, electrostatically neutral 
in its effects at points external to itself. The atrongtli of the resulting 
magnetic field Hj is then just ono-half what would bo calculated by 
tlie Biot^Savarb law from the cluirgos in motion originating the 
magnotio field. It is clear that only in the interiors of atomic systems 
or aystoms of ions can wo expect to (itul tlie diHcropanoics witli 
olftssioal electromagnetic theory predicted by tho prosoat theory. An 
example of this is tho gyro-magnetic effect, whore the factor i turns 
up experimontaliy. Again, in Stoner's Magnetism (1030) it is sug- 
goatod that tho magnetization of ferro-inagnotics is entirely due to 
Mntiinsic spin’ of tho electrons, and that their orbital moment is not 
effective; tho present investigation suggosts that tho explanation of 
the effect is that there is no such thing as oicctroii-spin, and tliat 
tho effect arises purely from tho orbital motions of the olootroiiH. 


197. Mechanical forces due to electric and magnetic Intensities. 
By formula (10) tho contribution to tho mechanical force F duo to 
the electric intensity E at e is 




(45) 
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Por [P^l < |Vi| < c, this is approximately 

F- 


e-E, 


(«) 


Heuoe the contribution to F due to a single ohargo at ixjst at the 
origin is given by , 

|P:r' 

Tliifl is the meaam'e of in /-measure, in which wo have workcKl 
exoiiisively so far in tliis ohaptor* Now the r-inoosure ^ of the sanio 
force we saw in § 96 to be given by 

m 


Hence 


But 




\«n 




p — -in 

where is the T-measure of Pi- Hence 

Hi 


*1' 




IHxl 


(411) 


Thus in r-meaaui’e the secular factor Ii/Iq disappeai’s, and. we got the 
empirical Coulomb inverse square law. 

The contribution to the meclianical force clue to tho inugnotio 
intensity is p ^ 

^/o c * 

which when the observer is at P 2 amounts to 

p % Y A ^ (f>0) 

^ ^ |Pil^ ' 

The secular factor IJIq will again disappear when wo use 7 --nionHuni, 

198. Electromagnetic energy. The term wo have callGcl <I> >viim 
evaluated in formula (31). For |Ii| < c/j, |I^| < c/g, in vii'tiio of thn 


identity 


{Xl~x,x,) = 


( 51 ) 


(31) reduces approximately to 

it /o 


1 
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This should I’opreseiit the electromagnetic energy ossooiated with the 
pair of charges Cj_, Cg, It requires a simultaneity convention relating 
and befoi'e it becomes numerically definite. When, however, we 
take the orighi or observer to be at Pg, so that Pg — 0, it reduces 
exactly to i I 


O — 


^0 IPi/UU’ 


(63) 


which in tuni reduces to the Coulomb electrostatic energy when the 
velocities are zero and reduces to But it is to be noted that 
when Vj = 0 and 0, the charged particles, though at rest 
relative to the obseiwer Pg, are not at local cosmical rest, It follows 
that in electrostatics, 'rest' is to bo taken to mean 'rest relative to 
the observer\ not * local rest’. 


199. Secular variation of measure of charge. It will be seen that 
in ^-measure, 0 contains a sooular factor, which for an observer at 
Pg reduces to ijl^. But energy as such is a secular invariant; in fact 
when we transform (53) to T-moasuro, the value of 0 is independent 
of the secular factor, bocoining 


<0 


f . c. 


t' 2 


in. 


In order that (I> shall be iudopondont of choice of wo must liave 
e^e^oz Iq in ^moasn^o. Tluis, in /,-moasiirc, tlio vahio attributed to 
a oliarge must vary as the R('[uaro root of tlu^ iionnalization constant 
Iq. It is in fact a characteristic difToronco botwoon gravitation and 
electrodynamics that the ^-o(]nations tlieniselvcs involve menbion 
of Ify, This is becaiiHo wo uho tlie same number a to denote a charge 
in i-moasiiro and T-inoasimo. In order therefore that <I> shall ho 
independent of choice of Iq, the value attributed to a charge a must 
vary ns ll. The same feature is also soon in connexion with the 
fiiie-structuro constant 

he 


We have soon in disciisHing liglit, Oluiptor VUI, that h must vary 
secularly witli the time in ^measnro, and tliat is proportional to 
/fl. This is also neceHsitated l)y the fact that angular momentum 
varies as L in ^measure, and so as in T-moasurc, Since also c^cc Iq, 
the hne-structiiro constant is indopondont botli of i and of as it 
should bo, being a pure ruiinbor. 
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200. Dependence of magnetic intensity on velocity of tost- 
charge relative to observer. It may be noted in conolnsion of this 
chapter that surprising as our results concerning magnetio fields may 
sound, there seems no escape from making the magnetio field Hj at 
depend on the velocity Vi of the test-particle at jPi, as woll as on 
the acui'QO velocity Vg. The 6-veotor as given by (37) nnd 

(38), is of the form of formulae (3), with 

nn~' 

T> _ 

{xi,^x,x,r 

and it is difficult to see how all the requirements of relativity could 
be met if were absent. We have dovolopod our troatmont of 
eleoti'oclynamios, not by beginning with experimental laws and then 
adjusting them to he relativistic, but by beginning with abstraot 
l^osaibilitios and formulating thorn in strictly relativistic laiigiiago all 
through, But the results are not only strictly relativistic; they also 
conform to the requii’ements of common sense, It is impossiblo to 
use a moving tost-oharge to measure a magnetio field without Us 
own velocity, relative to the velocities of other charges prosont in 
the hold, bringing into apparent existence distant additional ciirmiitH. 
Oiu* task in the next chapter will thoi'eforo bo to see how in noli of 
Maxwell's field theory survives when the magnetio field dopoiula mi 
the velocity of the test-charge measuring it. 
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201. System of n point-charges. We have so far mainly coufliiocl 
our attention to a pair of point-charges in one another’s presence. 
We now wdsli to consider the field produced by any finite number 
of point-charges. We aliall call the point-charges and 

regard as the teat-oharge measuring the field at P^; is supposed 
to be moving with velocity Vj, Cg vdth Vg, etc., relative to an observer 
0 an choired to some fundamental particle 0 of the substratum. Wo 
consider the charge to be at P^ at epoch all as measured by 0. 

We now put 

(^i)x = 


Z, AdXidl, dx,8tj' 


where 


(TJ\ . Y / \ 

Z\8,j^dz, dz,8yj' 


Xi = (f~P5/c2, X, = ll-Vllc\ = (3) 

ri=i-vj/c*, r,= i-vj/c^ (-t) 

z, = 2.1 = f.-P..Vi/c*. (5) 

Tlie mooli ani cal foi’ce acting on the test-oliarge Cj is given by 


. 

in the sense that these values for and (^/)i introduced mto t 
i-equations of motion, give the motion of the particle mi- orniing 
the associated energy equations and reducing them as in t e p 
chapter, we arrive at the relation 

d / .,>.1 , V (7) 


' / n t ^ 


o.„ = 


1 c,.e, Z„Z,i,-\-ZfZg 

- 2 c«o (A^-A%A.)‘y‘ri 


(0) 
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It will be seen that we build up the total field by superposition 
of the super-potentials of each pair of charges, and that tho tost- 
oharge, with its circumstances of motion, is an intrinsic monibor of 
the system. The theory has nothing to say about the values of E, II 
at places where there is no test-charge. The sonlar O is to bo iiitor- 
pi’eted as eleotromagnetio energy. There is no such thing in our 
presentation as the self-energy of a point-oharge. Energy only 
appears as the rate of performance of work against tho oloctro- 
magnetic forces concerned. 

202. Maxwell’s equations. In Maxwell’s theory, the equations 
taken as a basis, vaUd in free space, are 

divE = 0, divH = 0, (10), {11) 

ourlE=~i^, omIH =(12), (13) 

odt c dl 

In oui' present theory, we do not assumo theso formiilao. IiiBtoad, 
we proceed to investigate how far these or similar iclenlitioR nrfl 
satiafied. We therefore look for identities satiafted by Ej, II| in 
virtue of their being derived fi'om siiper-potenbials. 


203. Definitions of differential operators. Wo define the o|K>ralorfi 
div, curl, by 

divHj = (div)iHi = 








(ourlHJj. = (euTl)jHi = 


^Ji 


dZi 




204. Satisfaction of two of Maxwell’s equations. Using (!') wo 
have 


divHi ~ y y ^ f 

) s 0, 

(Ml 

and using (1), we have 



(curlE,),= l-^(yf'*^- 

c dy^\^\dz,dt, dz.dljj 

1 a / ^ 

“ dij^ stji 

II 

1 

1 

1 

chh 

1 _ 1 a(//i). 

(15) 


/ c ‘ 
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Id tboso partial diiferentiationa wg liave kept Vj^, the velocity of 
os Tvell as all the other velocities constant. It thus appears that 
two of MaxwoU^s equations, namely (11) and (12) above, are satisfied 
iclontioally hi virtue of tlio structure of E, H in terms of the 
without its being necessary to use the actual value of the We 

can now if we like di’op the suffix 1 from (14) and (15), and use tlie 
results generally. They contain no mention of the fiekl-ohargos 
It will be recalled that Maxwell’s equation (11) expresses 
the non-exiatonoe of magnetic charges, and (12) expresses Faraday’s 
law of electromagnetic induction. 


205. Remaining pair of Maxwell’s equations. We proceed to 
consider Maxwell’s other two equations. We have by (1) 

divEj = ly y 

c ^ dxAdXidL 

° ^ ' fl=n« f 


(1C) 


'g=a 


wlioi’e wo have wi’itten □, for the Daleinbertittn 

_ 1_ 

dxl^' 

and DiDs ‘mixed’ Balcmborbian 

02 02 02 1 02 


Again, 


(>IU ^1 ^ 2 , ' 


dx^ dz^ 


{ouriii,), = Afy 

4.1 1. i V iriit'fi..—— 

The further reduction of the identibics (10) and (17) tlius depends 


Hence 
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on the sti'uotui’e of tlie ITrom our work on tho gravityHonnl 

potential kave seen that 


ai 


'-al 




= 0 . 


We now find, oa an identity we did not arrango for, that 


□?- — -: = 0 . 

(The number of space-dimensions, 3, plays on essential part in llio 
establishment of this identity.) It now follows that 

- 0. (in 

Thus the first term on the right-hand sides of each of (10) nnil 
(17) vanishes. But the second term on eaoli right-hand side decs 
not vanish, Dj ^ 0. We find in fact that 

^ ^ _ 1 e, 1 2Z., Z . Z., -X,{Z, Z J 

1 2 7irjc® (Z?i-X„Zi)« 

That this does not vanish identically is most easily seon bj' taking 
the origin at when it induces to 

_1 e, 1 Pv(W+VJ 
2rfTic iPii* ’ 

which is of the order of magnitude of We shall put 


X ^ai 
«-=*2 

where is a 4-8oalar. It is symmetrical in the suffixes 2,..,, w. 
have then> by (16) and (17) 

m 


Hence 


1* xn f 

divEi = — 

c ot^ 

curl Hj—- — grad 

c 


(Ml) 


is a oontravariant 4-veotor. Eliminating (%} betAveen (18) and (1 h) by 
oi'osa-differentiation, we have 

graddivEi+-f-/curIHi—= 0, (-'’) 

c y c ui-^ j 


1 aE,\ 


i>)i k 
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206, Summary of field-identities. Omittmg the suffix 1 from the 
various symbols as no longer necessary, we liave finally the four 

identities ^ - 

divE = divH - 0, (22). (23) 

c ol 


curlE = -- curlH-i = grada. (24), (26) 

C ot 6 uC 

witli acoordingly 

gi'addiyE + l|(ourlH-l^) = 0. (20) 

ciirlfourlH —- = 0. (27) 

\ c at I 

We have already noted that (23) and (24) aro identical witli two of 
Maxweira equations, namely (11) and (12); and tliat tlicse two have 
simple physical moaningH, namely the uon-oxistcnco of magnetic 
charges and the law of electromagnotic induction as found by 
Faraday. Tlie other two of Maxwoirs equations foi* iVeo space, 
namely (10) and (13), are on a totally dilTerent footing, as pointed 
out by Lorente in 1010.f Equation (13) is a pure hypothesis, the 
hypothesis of the displacement cuiTcnb, and (10) as it HtandH on- 
oountors difficulties, since it would appear to proclaim tlio non¬ 
existence of electric charges, as (II) does of magnotic poles. It is 
therefore not surprising that those two ixdations ajq)oar modified in 
our treatment. 


297. Comments on the field-intensities. It inust bo ?‘omombcrcd 
that H, and to a lessor extent E, depend on the velocity of tlm test- 
charge used to measure them, in our treatment, wheroius in the 
classical Max^vell theory H and E arc conceptual quantities existing 
everywhere and independent of tlie velocity of the test-charge. In 
OUT treatment, H and E nowhere have a meaning until the test-charge 
is introduced arid its velocity s^jccificd: and arc functions of Vj, 

But the identities (2(1) and (27) contain no mention of the velocity 
of the test-charge, and hold good wJuitevcr the value of provided 
this is treated as constant in carrying out the partial difTereutiations. 
It should be noted also tluit Maxwell’s equations (10) and (13) imply 
(20) and (27), but not coiivorsoly. 


t Tltew'y of Hlccfrot/i, pf). 12, 2:U). 



103 


ELEOTBODYNAMIOS 


Pnrt IV 


208. Epistemological considerations, Anothor cUfforonco from 
the olossioal theory is that in tlio olaasioal theory the proportion of 
the field are derived froin (10)-(13), those field equatioiis 
poaitedy ^vhilfifc our relations (22)-(26) and (20), (27) are eiid-produotH. 

In the olossical theory, to determine the motions of the charges, an 
equation of meohanioal force (obtained by using the Lannor-Lorontx 
ponderomotive force formula) is superposed on the sot of fiold 
equations; but in our treatment we begin mth oquationa of me- 
ohanioal force, and so denve the forms of the super-potentials and 
from very general considerations. Our tx^eatment sooins opistcnio- 
logioally preferable, since to be both logically and epistomologioftlly 
satisfactory the analysis should begin with the mechanical efTtwls* 
thxnugh which alone E and H can be known. Since on tlio olootrical 
theory of matter no entity exists ooxTesponding to an iaolatcxl mag¬ 
netic pole, it is unsatisfactory to define H through the force on nn 
isolated pole, as the classical theory does, for that is to inti'oduco 
elements strange to the class of entities under consideration, naniol) 
a set of point charges. Such a procedure is not only unaccopfcablo in 
our theory, it is logically impossible. Instead, we have obtainc<l II 
as a constituent of the force acting on a moving point-olmrgo, 

209, Maxwell’s equations and ^measure. Our field idoiitUhvi 
(22), (23), (26), (27) hold good in i-time and ^measm^o, and havo boon 
derived from an analysis of the dynamics of moving oiiarges oxpte^^st^I 
in fc-measure. Our analysis pays in fact duo respect to tlio circuin- 
stance that aU phenomena take place on the stage of the oxjninding 
univei'se, which possesses everywhere a local standard of rottt; nnd 
our analysis respects Machos principle, according to which all 
of reference employed must be described with regard to the actual 
distribution of matter constituting the universe. The clasaical tliuory. 
in ignoring the expansion of the universe, can only bo In 

hold good locally; and as it ignores the distinotion betvvoon niiil 

T-measure, it will only be likely to hold good for epooha close 1:<J l lm 
present epoch. There would in fact be gi'ave difficulties in attoiiiptin^c 
to extend classical electrodynamics, as it stands^ to epochs otluu' than 
the present, or to distances comparable with the x'adiua of I'lu' 
universe, for the field equations of classical eleotrodynamica being 
Lorentz-invariant, are stated in ^-measure, whilst the Larinor-TjOiX-Mi tv, 
ponderomotive force formula is used in contexts wliioli employ 
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T-ineosure. In the present treatment we have systematically used 
f-ineasuro tliroughout, including the mechanical equations; it is only 
thus that we are able to recognize that Maxwell’s equations, in the 
modified form we have obtained tliem, employ I-ineasure. 


210. Wave-propagation. The evidence for the correctness of Max¬ 
well’s equations is partly direct—^Faraday’s demonstration of eleotro- 
raagnebio induction—and jjartly indirect, namely the fact that the 
equations yield wave-propagation for the vootoi's E and H. We must 
tlierefore inquire next how far our field identities imply wave- 
propagation. 

Expanding the left-hand side of (27) wo get 

gT'addivH-V*H--|;(curlE) = 0. 
c ot 


Using (23) and (24), this reduces to 

OT n^H = 0. 

Tims H obeys the wave-equation. Again, from (20), 

o„rlcu..lE+V.E+o„rl(lf)-i.^ = 0 

c»,l(curlE + lS) 


(28) 


or 


+VE-if = 0, 


( 20 ) 


or, again using (24), □’“E = 0. 

Thus E also obeys the wave-equation. In fact, the four identities 
replacing Maxwell’s oquation.s may bo taken to bo (23), (24), (28), 
and (20). Further, the scalar a obeys tlie wave-equation. For 
restoring temporarily the suffix 1 rofeiring to the test-charge, 

= i ^ o. (30) 

fl—fl tf-a 

by (170. 


211. Vector potential. The field voctoiH H, E can be exprossod in 
terms of a vector potential as follows. Define a contravarianti’ vector 
(Ai,^i) by 


^ Z, C)P/ ^ Z/ c 

® s-8 




dL 


(31), (31') 


t Tli 0 treat mont and notation ai'o lioro Blight I y dilTovonb from thoHo in Proc. Jioij. 
So^. 165 A, 340, 1938. 

3m.ed 


O 
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Then by (1) and (1'), 



dAi dA.1 A 

815 C81.- ' ‘ 

( 32 ) 

and 



or 

H, = ourl Aj, 

( 32 ') 

Also 

divAi+i^ == y = Ox- 

C oil 

( 33 ) 

Again, 


( 34 ) 



134 ') 


We can now suppress the unnecessary suffix 1 and 'wnto its vector 
potential with the properties that 


E = —grad A/— - H = curl A, (3^))^ (30 ) 

c dt 

divA+lM^_», m 

dt 

n^A 0, DMj = 0. (3VJ, (37') 

This vector potential, the 4-veotor (A,-d^), is a land of intx^rniodiary 
between the field vectors and the super-potentials. RelatioiiB (35), 
(36'), (37), (37') also occur in the classical theory, but in tlvo olaunJcftl 
theory the right hand of (30) is arbitrarily put equal to zoro. 

It is clear that Ai or should be equal to the eleotrostatio potontia 1 
when the field is stationary in time. The electrostatic potential ut 
is the energy of interaction per unit of with the other oliargo« 

in the field. Hence should stand in a simple rolation to 
n 

Now by (21), of the preceding chapter, 

CbQ 

where is the operator 
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No\ 7 take the origin at e^j the test-oharge, so that == 0. Tlien 


a—a 


Thus at ti — ^ 0 , is the energy associated with the charge at P^, 
per unit of charge. 


212. Relations between epochs. So far we have not found it 
necoasary to state any form of correlation between the various opoolia 
and the epoch at the test-pariiole. But tlio fact that E and 
H satisfy the wavo-equation suggests that should bo taken to be 
the retarded position corresponding to the epoch at the test- 
particle, This suggests taking 

= + (40) 


This gives 
Hence since 


vs _Y X _(^*Pi ^1^)* (Pi A 

■A.JJ—= "o— -—i- . 


(41) 


wo find on oliminating tg that 


(42) 


the surd disappearing. When wo clioose the origin at the t('.st-|)ai'ticlo, 
Pi = 0 and wo got simply 

(Xl-X,X,y^(.,\V,\lc. (42) 

Heit) P, denotes the retarded position of tho chargo 'I'his will ho 
found to give, when tho origin is taken at P^, and |V| | < c, |y.| < c 



1* P, 

It |P,p’ 


(44) 


thus giving tho Coulomb inverao square law in terms of tho retarded 
position of Pj. 


213. Comhlned gravitational and electromagnetic fields. Wlion 
a pure gravitational field is prosont, wo saw that tho oxpro.SHion for 
tho external force F on a particle of mass m contained a term 

„V 1 d 
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in addition to the gradient of the potential. When a pure eleoti^- 
magnetio field is present, we saw that the external force F on tlio 
pai*tiole contained a temi 

V 1 d. .. 


in addition to the term representing the Larmor-Loreiitz pondero- 
motive force. As this additional term is in the gravitational onso 
twice what it is in the elootroraagnetio case, the question arises ns 
to what is its valtie when both fields are j)resent together. 

Let X ^ usual be the gravitational potential due to tlie point- 
masses in the field. Let E, H be the electric and magnetic inteusitios. 
Then we seek to represent the external force F on a particle of moss 
m and charge 6 by an expression of the form 


with 


e/„ , VaH\ 1 , V 
' c Yi’ 


where a is a 4-scalar to be determined. 

The usual energy relation 

■f/yj—P-yi — 

with the values (46) and (46') for F and JJ, yields 

The other energy equation 

wlaen we use the faot that ^ is homogeneous and of degree zero in 
P and d, yields 


(46) 

(46') 

(46) 

(47} 

(48) 


Take now the particular cose of a pure gravitational field, ^^lon 
E ~ 0, H =: 0, and (47) and (49) give 


a 


2d. ui. 


^_ 

dt ~ dt ' 


(60) 
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as Btated above. Take secondly tbo case of a pure elootromaguotio 
field (apart from the field of the substratum, which is always prosont), 
BO tliat = 0. Then we get 

(»i) 


«nd = (Cl') 

Holatiou (60) shows that the sum of the mochanioal and gni\ ittitioiial 
onei'gioB remains constant during the motion; (61 ') hIiows that tlu? 
work done by the Larmor-Ix)rentz force in pushing tho pa^tit5l^^ 
relative to its immediate oosmio environment roappcai's aa inouhtinicjal 
energy. 

When the gi’avitational and eleotroinagnotio ficlclH are asHcudatod 
with a aet of massive ohargod particles, wo have to xiho a soparatti 
epoch-coordinate for each particle and a soparato noonicicnit 

a^, The gi’avitational potential x ^ Xrs- l^'orining from 1dm oqmi- 

r,a 

tiou of motion for each particle tho analogue of (19), we iiiid 





and forming the analogue of (48) wo liiid 




P,aV,.H, 


±~±(^ I 

- YiW'' 




*} 

a/ * H 


jL 

#1 




Multiplying the last equation by Y\dtjdt^ and adding ii Hiinilar 
equations, we got 



— [rate of performance ofoloctromagiiotic work]. 

The right-hand side may bo reduced as in the previous cliapler, n.nd 
we get eventually as tho gi^and energy ocpiatioji 


d 

dt 




ad) d!.^ 
c»V, dl ' 


The left-hand side is to be interpreted as tlio sum of tlio inoohaiuuaU 
gravitational, and olecbromagnotic onei-gies—all Bcalars—and (.Im 
right-hand side as the negative rate of radiation. I'ho epoch u may 
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be assumed oonneoted with one another as functions of a parameter ^ 
by means of relations 

214. The charge as a scalar. In the above analysis and in the 
preceding chapter, the scalai's have been interpreted as oliai'goa, 
since they i*ediioe to the ordinary electrostatic definitions of ohargea 
when the corresponding particles are at rest and the epochs 
ooinoide with With this definition of charge, the charge is the 
same whatever the observer chosen; charge is conserved under a 
tranafonnation from any one fundamental observer to any other, 
just as mass and energy are conserved. An alternative view would 
be to regard tlie secular factor tJtQ and tlie velocity denominator 
or (1 —os absorbed into the definition of charge, putting 
^ This is more in accordance with the usage in ourront 

oleotrodynamioa, where the measure of charge undergoes a trans¬ 
formation when the frame of reference is altered. But we shall see 
in the next chapter that the relativistic denominator plays an essential 
part in influencing the dynamics of a moving charge, and that it is 
best to retain tlie name charge for the actual invariant acjalar c^. 
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2IB. Interaction of two point-charges. The purpose of the 
present chapter is to apply the general eleotrodynamios developed 
in tho two preceding ohaptera to the interaction of two pointsohargoa. 
This is the general two-body problem of electrodynamics. But, as 
in gravitational theoiy, progress is mode by first oonsldering the 
simple 'one-body' or Keplerian problem, in wMob one of the bodies 
baa BO large a raaas compared with tho other's that it may be oon- 
sidered oe fixed. We can then take the massive particle to coincide 
permanently with a fundamental particle of the substratum. 

Accordingly we now consider two point-singularities and Pg, of 
oliaiges Cl and and masses and I'espeotlvely, of which 
is large ooinpai*od with We talce Pg to coincide with a fundamental 
I>artiol6, Wo require the motion of about Pj. Let 0 be the funda¬ 
mental particle with which P^ coincides. Then = 0, 0, 

I a = 1. Putting these values in the exact formulae for E and H, 
(37) and (38) of Chapter XIII, we have 


H, 


El- 
e 

n 


rf|p,r 


( 1 ) 

( 2 ) 


Since we are considering only the motion of we can omit the suffix 
1 from all symbols except Then introducing (1) and (2) in formulae 

(10) and (16') of Cliapter XIII, we have for the external force 
on 

^ ^ ^ ^(i^ 

These simplify to 

_ Z P+iVA(VAP)/c» V 

^-:— ^ -TKTn T VI ^ '* 


to y* 


iPi= 


yt y^ dv 

1 d. 


jfi _ egCg Z P-V .i A — 

to y«c|Pr y*y*d<' ^ 


(3') 

W 

(4') 
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Introducing these now into the fundamental equations of motion, 
and oanoelling on opposite sides the terms arising from rate of change 
of mass mi*, we have 

mi*d(y\_ 2 P+4Va(VaP)/c* 

F‘ “ X\ Yf^ Y* 


r* “ X r Y}' 




IPP 

Z P.V 


to r*cipp‘ 


( 6 ') 


We note that (6') follows from (6) on scalar raiiltiplioation of (5) by V. 


216. Remarks on the equations of interaction. Before wo pro- 
cood to solve these equations, some comments on them may bo made. 
In the first placo^ they should be exact. No terms have been omitted. 
In porMoular they do not require any coiTeotion for the 8Upi)osed 
'xeaotion of omitted radiation’. Any effect of this kind which might 
arise in a gonoral oleotrodynamio situation is properly taken care of 
by the pi’eoiso evaluation of (H, E) and the insertion of those field 
values in the Larmor-Lorentz ponderomotive force formula. This wo 
have done. Moroovor, there is no question of our having to oonnoot 
the two epochs at and at for the equations have come out 
formally independent of ^ 2 ^ in (6) and (5') always stands for 

ti. Thus them is no radiative interaction of and eg in this pure 
Keplerian two-particle problem; being at rest prod u cos a static 
field at 

Secondly, the equations (6) and (5') have been formulated in l- 
measure, and hold good in the private Euclidean space of the observer 
at the origin using i-time. Moreover, (6) and (6') aro i)arbioiilar eases 
of Lorentz-invarianfc equations, in which all effects of change of mass 
with velocity have been fully taken into account, althoiigli mf*, the 
mass of the moving particle carrying the oliargo appears outsido 
tlio operator dfdt. The terms in d(m^^)ldt have disappoarod. 

Thirdly, the olootrornognotic terms contain a factor Thisarisos 
os the product of three distinct factors 7“*. One factor of this typo 
ooours in each of E and H. A second arisos from the need for tlie 
oocurronoo of the 4-vector (V/F*,c/y^) in the expression for the 
ponderomotive force. A third arises from the need for the invariant 
factor ZjY^ in the formula for external force F, necessary to remove 
a denominator Z in the energy-formula. 

Fourthly, in (5) the magnetic term contains the faGt<n' This, 
the Thomas factor, is in our case a conseqiienoo of our modifloation 
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of the Biot-Savart formula for the magnetic effect of a moving charge. 
Tlie phyaioal interpretation of the term -JV a (V A P)/c*[P (® is that 
relative to the charge the mosaive particle -with charge though 
really at local rest, aoems to be moving with a speed V relative to Ci, 
and this creates at an apparent magnetic field; the meohanioal 
effect of thia magnetic field introduooa a further factor V into the 
vector product. 

It would be foreign to our method to deal with the motion by the 
use of the suppoaed ‘laws’ of oonaeiwation of energy and angular 
raomoutum. It ia in fact iireoiaely our object to inquire, by formulat¬ 
ing the Idncmatio posaibilitiee, how far these suppoaed ‘laws’ hold 
good as oonaequenoes of our equations of motion, and what forms they 
take. Wo therefore proceed to obtain certain first integrals of (6) 
and (6'), and compare them with the supposed conservation laws, 

217. The energy equation. As often remarked previously, in our 
dynamics energy is a 4-8oalav, not the fourth component of a vector. 
Honee equation (5'), the timo-ooraponent equation oorresponding to 
(6), though resembling an energy equation, is not really one. To 
obtain a genuine energy equation, wo multiply (6) aoalarly by 



multiply (6') by the ooii'esponding time-component 

c ,r‘ 

yt 

and Bubtract, After some reductions wo obtain 






1 

p(3> 


( 0 ) 


a single factor surviving on the right-hand side. 

It ia important to verify that this result is in conformity with the 
general theory of Chapter XIII. This gives hero the energy-formula 

(7) 

where O, the electromagnetic energy, is given by 

] _ e, e, ^-i(P ■ ¥)/&» 

2 do\yirj(Z?*-x,x,Wp.„„.v.-o 

( 8 ) 



ELEOTRODYNAMIOS 


Port IV 


2oa 


Now (7) is equivalent to 


d, .... _ aa> „ 0<D 


( 0 ) 


Some simple vector differentiation applied to (8) and inserted in 
(0) at once yields (6). 

218. Transformation to r-measure. Relation (6) may now be 
written in the form 

V 4 ^ r r ^ ^ \ I ^( P A V)* , I 

So far, our analysis claims to bo exact. But sinoo |P| ct, the last 
term is nttei’ly negligible compared with the other term on the right- 
hand side. Hence the equation is very closely 

(I.) 

Wo now traiiafovrn this to r-moasuro^ by tho traiiafonnation- 
formulao of Chapter VI* We know that 




|P| = f|n|. 


do~ 

iPurther we know that 

V - = 5-)--— =--I-—= 5+V 

' dt dl \tQ / ^0 ^0 ^0 ^0 

so that T* may be replaced by {l-vVc®)‘. Accordingly (11) bocomos 

<12) 

As is to be expected, the magnetic tcnii plays no part in this, the 
energy-formula. 

219. The ‘energy’-Integral. We can now conveniently put r for 
|n|. Integrating, we gob 


log:; 


€,eg 1 _ 


’{1—v^/c®)* mc*r 
Call tho constant of integration 

/ W\ 


= const. 


(13) 
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^here necessarily W > —mo®. Then we have 

_j_=(i+j;Wpf-ii;a (u) 

(1—t>»/c*)* \ ^mc^l \ »«>*«•/ 

When V ia amall compared with c, and r large compared with Cj ejmc^, 
this formula reduces approximately to 


80 that in these oiroumatences IF is the Newton-CJoulomb energyj 
and it remains oonstant during the motion. 

220. Variability of the energy. The exact expression for the 
energy in our theory is, however, 


which by (8) is, very closely, in r-ineasure, 



mc^ 1 ^ ^ 

(1—vVc’)*"^ r {1—vVc*)* 

(18) 

Put this equal to wm;*+ IF'. Then 




(17) 

or, by (14) 



W 

(18) 


When r ^ (vic^, this gives to a close approximation 


r = iF 


with neglect only of the square of &i ejmch". But as soon as / com 
comparable with eicjmc®, IF' begins to differ from IF, an , 
to vary with r. Though IF is a constant of the motion, an 
motion obeys (14), the actual energy is not a constant of t^emoUon; 
there ia in fact, in general, a fluctuation of energy as r var es, xpa 
ing the exponential in (18) we get approximately 


IF' - IF- 


1 (fii^ 

2 wio* r* 


( 10 ) 


Eeuo© if r ia decreasing, IF' is decreasing. 


and energy is being lost; 
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if r is increasing, energy is being gained. We oan easily write down 
a formula for the rate of variation of energy, for by (7) this is 


_V ^ 

aV 




|P| (l-V“/c»)» 


_eg f~i(P.V)/c^ d 


(i) 


( 20 ) 


to |P| dl\ 

If the charge % is ai^proaohing in virtue of motion under eleotro- 
atatio attraction < 0), V® is inci'easing, Y is decreasing, 1/7* is 
inoi’CQsing, and the rate of loss of energy is positive. If is recodmg 
fL’om. against oleotrostatio attraction, V® is deoreaaing, 7 is in- 
oreoaing, 1/7* is decreasing, and the rate of loss of energy is negative, 
i.e. energy is being absorbed. The gain or loss of energy efiootivoly 
ceases as soon aa r booomes large compared with 


221. These results are in disagreement witli the supposed conao- 
quenoos of Maxwell’s theory, according to which an aooolovatod or 
retarded olootron radiates at a rate proportional to the square of its 
acceleration, i.e, at a rate essentially positive. But it is in agreomont 
with the physical facts of absorption and radiation, namely that 
separation of an electron and a positively charged nucleus ion involvog 
absorption of energy, wl^ilst the near approach of an electron to a 
nuolous involves emission of energy. The changes of energy of the 
accelerated or retarded electron are always reversibh on the prosoiib 
theory. 


222. Emergence of a characteristic length-measure for an 
electron. The quantity jeiCal/mc® is a length. When and are 
taken to bo equal to the charge on an olootron, it becoinoH c’^/wc^, 
which is the classical ‘radius’ of the oloctrou, of the order of 10“^^ cm. 
Wo SGO that tho energy, properly spoaldiig, cooboh to bo a constant 
of tho motion as soon as tho separation of tlio t^vo oliargoa becoinos 
oompavablo with this loiigtii. In assuming that tho departuLO of the 
ouorgy from constancy is balanced by radiation or absorption, wo 
arc, strictly speaking, going beyond oiir kinomatio formulation, for 
we do not know whether tlio total energy should bo conserved or 
not; to spoalc of radiation in this connexion is a oonoossion to ourront 
modes of tliought, and to speak of absorption is illogical, since wo 
have not bi‘ought into the pioburo any external .soiiroos of radiation. 
All wo can say from this analysis with oortainty is that tho energy 
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a* meaanred by the sum of the Idnetio energy and potential one^y 
ia not oonaetved when the distance between the oharges is compara 
with (me*. This is a consequence of the dynainios, the o ^^ges 

tensain always as partlole-singularities—they are not tlie nu s o 
small volume oharges. 

223. Angular momentum. We proceed to consider 
momentum. We cannot of course assume that angular motnen 

is conserved. . , t> find 

Multiplying the equation of motion (6) vectorialiy by , we 


yt di\ 


We see that it is only the magnetic term which contributes ^ 
equation; for the first two terms determine motion in t e an 
alone. Dividing by it becomes 

d{P^V\ PaV y _ _PAXi!ll«^4frirV 

dti^'TF) yt X y‘ 

Using dX(dt = iZ, we see that the left-hand side becomes 
plete difiorentiaJ on multiplioation by Tbns 
d/PAV\_ 


f ieie« 1 



(22) 

1 wc* J 

tc 

‘1/ ] 



At the present epoch Iq, the integral ia very closely 

i J_ 

fJPl' . . 

We now transform to T-meoeure. The last-written expression j 
simply 1/ (HI. which we call 1/r. We have also 
fP ^ * 




p 
XiY* 


i»y* 




Hence we can write (22) in T-measute in tlie form 

mllA^ / 

= const, expl — 
(TT^i \ ^ 
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Multiplying this relation soalarly by 11, we see that 11 is perpendioular 
to a fixed vector, and therefore the motion lies in one plane. Using 
then plane polar coordinates (r, 0), the lost relation heoomea 


W® ddjdr 
(1 


(23) 

where ia a constant and 



'■ = (3 


(24) 


224. Variability of angular momentum. We see that when r is 
large compared with ileieal/wc®, the angular momentum 

mr^dOjdr 

remains constant and equal to H. But wlien r becomes comparable 
with the angular momentum is no longer approximately 

constant but becomes a function of r. Again wo see, as for energy, 
a doparbui'o from a oonaervation law os soon as r bocomos comparable 
with ileifiai/mo®. This effect is dheotly traceable to the magnetic 
term in tlie interaction between the two charges. 

225. Classical ‘radius* of the electron. It was suggested by Bohr 

long ago that the olaasioal integrals of energy and angular momontiim 
in the Keplorian problem no longer hold good wlion the separation 
of the two ohargea becomes oomparablo witli the olasHioal 'radius* 
of the eleoti’on, though I am not aware that ho ovor embodied the 
idea in precise analysis, or obtained our modirioations of the 
integrals, namely (14) and (23). In our work the effect ascribed to 
the apparent possession of a ‘radius* by point singularities is a conso- 
quenco of the ooourrence in the equation of motion of a])propriato 
faotors togetlier with a proper caloiilatiou of the magnetic 

interaction, including the Thomas factor Wo have ascribed no 
struotiiro to the ohargoa, not oven a spin. The ‘ radius*-offoob is duo 
to the formulation of equations of motion in accordance with tlio 
roquii*omentB of i^olabivity. We have made no special hypotheaos, and 
our laws of interaction roduco to tlio ordinary Coulomb expression 
(as regards tlio electric intensity) for low spoods. Tlio intoraotion is 
stiiotly inverse-square, os is seen from equations (C) and (5*). 
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226. D/fferlng origins of variability of energy and of angular 
m amentum. The present analysis shows a distinobion between the 
* energy’ integral and the ‘angulai' momentum^ integral in that the 
former arises solely from the eleotrostatio inter action, the latter 
W)]ely from the magnetic interaction. The former involves the length 
the latter the length i\ej^e^\lmc^. We Bhall now see the 
further consequences of this factor J. 


227. Differential equation of the orbit. Lotus sock the differential 
equation of the orbit of about in plane polar ooordinates> aa 
reckoned by an observer at Put for brevity 


e. 601 

mc^ r 

Then integrals (14) and (23) may be rewritten in the fonns 

(l~D«/c*)‘ I ' 

(l-vVc®)* 

We -wish to eliminate the time t between those equations. 
Dividing (27) by (20) we get 

H 


niT^ddjdT = 


But 


l-‘rWjmc^ 




Eliminating dOjdr between the last two relations wo have 


= 






or, Bubstituting from r in terms of x from (26), 

c® ejea\ mey | j 

Substituting for v^/c^ in (26) we now get 




iH. 


(26) 


(26) 

(27) 


or 


(28) 
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DifEerontiating this relation mth respoot to 6 and removing the factor 
dxjdd, Tve get 


. dh; 








( 20 ) 


Tliia ie a form of the differential equation of the orbit suitable for 
direct comparison with Newtonian moohanios* 


228. Apparent repulsion or attraction between two charges, 
Tiio last equation is in tho form of the diflorential equation of a 
central orbit under a certain law of force. If/is tl'ie equivalent force 
of repulsion between the particle anchored at tho origin and tho 
partiole at distance r, then the usual equations 

m{V—rO^) = /, 


mrW =: 


give on putting l[r — u 

dhi __ mf 


(30) 


(31) 


(32) 


a well-lmown equation in the theory of central orbits. 

-n A 

But u =- X, 

eg 

Hence (30) may bo written 

"*'d£P“ x^' 

The actual differential equation of tlie orbit, (29), will coinciclo 
witJi tho classical equation (32) if for / wo take 

2 CjCg [\ THC^j j 

or, reverting to the r-notation, 

/ = q- i I ll <H|mc*Kl/r)_|_g(P,<*Vmc*)(l/r)|^ ^33 j 


This, then, is tho a 2 )parml fom of repulsion botwooii tlio charge 
and fig which 'will give tho same diffoi^ontial equation of tho orbit on 
non-relativisbio Newtonian mechanics as tho actual differential 
equation on our rolativiatic meohanics. 
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229. Particular cases. Wo have the following partioulav OaB6B 
of (33). When ) If )< 7ttc“, and r > we have 




(34) 

the ordinaiy Coulomb law, When r is so small that it is comparable 
wbli we need the two-term formula (33), When r ia 

smaller still, and indeed small compared with one of the 

two exponential teims is very large and the other veiy small, depend- 
ing on the sign of the product When and are of the same 
sign, so that > 0, the repulsion for r < eiC^/wc* is very closely 

{ 3 IS) 

^ 2 ^ ^ 
and thus increases enormously rapidly as r deoreases still farther, 
liifce oharges thus behave aa impenetrable into one another's noigli- 
hourhoods at cUstanoos much less than e^a^fmo^y in spite of the fact 
that each is a mere point singularity, When and are of opposite 
slgne, the repulsion ohanges to an attraction, and if r < 
it is very closely 

wliich again increases enormously (numerically) as t deoreases, 

Thus the Coulomb inverse square law changes into something 
quite different, effectively, os r posaos through the value \e^e^\(mc^. 
Strictly speaking, the exact Coulomb law holds at all distanoesj 
however small; the modifications are due to effects of dynamics, 

230. Interpretation of the constant W. The interpretation of the 
constant \V on Newtonian mechanics can be found aa foDows. Let U 
be the energy constant of the Newtonian equivalent orbit, 
integrating equation (30), we got 

!(«*+( 


Then, 


(duY\ ml f / . r;\ 

W) “ “fis J 


wliei’G 




H. 


(38) 


Thus the previous equation is equivalent to 
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Sinoe/ia the force of repulsion, 

0 T 

is the potential energy of the configuration at any instant, and so XJ 
is the sum of the kinebio and potential energies, calculated olassioally. 
Introducing (33) for/ into (37) wo get 


0 

= U+^c4 (l + _ 



This may be written 





Comparing this with (28), wo soo that 


or 


^='''('+l^| 


As waa to bo expected, when If mc°, V If. Wo soo that 

U 




l-f 


•inic*’ 


(40) 

(41) 

(42) 


and honco U > —The apparent modification of the Coulomb 
attraction, (30) with CjCj < 0, may now bo written 

xvhero now 17 is the Newtonian energy of the orbit caloulatod non- 
relativistioally. 
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2ai, Magnetic factor The foims of these varioue formxilae 
depend intimately on the oooffioient \ in the magnetic term for the 
interewjfcion, This factor ^ appears in the exponential in formula (27), 
and it governs all the aubaequent analysis, Wore it not present, w© 
should not have arrived at the remarkable fonniila for the apparent 
inodifioation of the Coulomb law given by (33)* This is different in 
form fi*om the modiftoation empirioally suggested on other grounds 
hy Yukawa, and different again from the modifioation suggested by 
Eddington, Pormula (33) shows at once why tlie eleotron behoves 
ns having an apparent radius 

It is therefore incumbent on ua to aorutinlze in some detail the 
modiftoation of the Biot and Savart law for the magnetic field pro- 
duoed by a moving charge at another moving charge, to wliioli we 
were led in Chapter XIII. 

232p Reconciliation with classical Blot and Savart law In 
certain Instances^ We saw that the magnetic field Hi at a charged 
X>artiolo moving with velocity Vi relative to a fundamental 
observer, aa due to a second moving charge moviug with 
distant r away, is given by 

whore r = ri-^ra. Consider now the magnetic field at a point Pi of 
a currenfc-oarrying conductor due to a second oun’cnt-carrying 
conductor 0^* Conduotors Oi and are supposed to be electrostatic ay 
neutral; any volume element of either is occupied at any instant y 
equal and opposite charges. The magnetic field at the point o i 
will be the superposition of the microsoof)ic mognetio fields in t ie 
volume element suiTOunding Pj* This volume element will oontam, 
say, charges and moving respectively with velocities i 
and Yi relative to the observer. The maoinscopio field Avill be the 
sum of tho fields associated with +ei and — ^i* Now consider t 
oontribution to tliis field ai'ising from the charges an 
oooupying a volume element surrounding P^, a point in con uo i a, 
these charges moving respectively with velocities a* a ive 

to the observer. This oontribution can be analysed into t e con 
butionfl from the pairs 

(+ei.+eB), (+ei>~««)* 
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Writing down the miorosoopio fieldB ftssooiated with these pairs 
aooQrding to the formula quoted above, we get on supei-poeition 

[ia(V.+v.)+l^a(v;+v.)-i‘^(V.+v;)-|a(v;+vi)]Ai, 

whi oh cornea bo 

But this ifl precisely Avliat would be oaloulated from the classical form 
of tho Biot and Savart law, whioli takes no account of the velocity 
of tho tost-oharge Rolation (46), in fact, attributes the magnetic 
field at entirely to tho oflocts of the convection ourronta due to 
H'Ca at Pg moving with \ and —e^ at Pg moving with H-V^, without 
any factors 

Gonaider noxt the field at P^ due to tho same current-oanying 
oouduotor (7a, when measured by the oharges in motion constituting 
an olDOtrostatioally noutral. magnet at P^. With the same notation, 
tho timo-moau volooitios and will bo zero, and wo shall got the 
name result. 

Next, oonsidor tho field at Pj^, as nioaaured by an olootrostatically 
ueutml magnet at 1\ vdion originated by a single charge at Pg 
moving with spood W^ith tho same notation, tho maoroscopio 
field at Pj ia now 


1 f?(Y 




and Hiuco hero 


0, Vi —- 0, tho mean field is 
Va r 

A "A 


whioli is again what would bo given by a crude application of the 
olaasical Biot and Savavt law. 

In all them cases tho roault in tho same as that calculated olasBioally, 
livit a (lifFeronco occurs when tho magnetic hold at 1\ is measured by 
a single moving clmrgo at 1\, as in tlio ciise considered in tho earlier 
part of this chapter. For example, suppofic tho field arises from an 
olootrostutioally neutral ciirront-carrying coiulnctor 6^ A- 
macroscopic liold is then 




ia(V,-v;)A 
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kes the merit of being independent of the speed of the teat- 
^ fio that the case oorreaponde to the existenoe of an objective 

^Rgnetic field at P^; but it is one-half of that oaloulated by a crude 
^pplioafcion of the olassioal Biot and Savatt law. As this factor J 
been seen to play an essential part in the oaloulations desoribing 
o bitoraotion of two point-oharges—oaloulations which result in 
o apparent attribution of a radius to an electron in the 

vicinity of a proton—hold that this factor ^ and the occurrence 
of the velocity of the test-ohaage in tlie roioroscopio formula are 
really required. 


33* In the next chapter we shall tentatively apply the new infcegi'als 
of energy and angular momentum obtained in this chapter to a simple 
Tnodel atom, following the original method due to Bohr. 
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234, Kepler Ian atomic problem. We shall now take to ho the 
charge on a proton, namely — +e- Wo consider the possible orbits 
of a negabivoly charged electron, —e, in the vicinity of this 

proton. It is true tliat wave-mechanics replaces in tlio end the con* 
□opt of a point'olootron by the concept of a probability-disbrihutiori 
of oleotrio charge, bub the results of applying wave-meolianlcs to 
atomio systems ooinoide in many oases with the results obtained by 
treating electrons as partiolos. As in this book we are pusliiiig the 
concept of j)articlo to its utmost limit, and os the concepts and 
assumptions of wavo*ineohanics are foreign to the class of ideas 
developed in this hook, wo shall pursue our brief study of atomio 
systems by the methods of Bohr-Sommerfeld, in which quantization 
Is applied directly to the dynamical variables. 


235, Restatement of Integrals of energy and angular mo- 
mentiim. Wo begin by restating our integrals of energy and angular 
momentum for tiie Koplorian problem of an oloctron of small mass m 
in motion in the vicinity of a proton whose mass M is so largo 
relative to it that it may bo taken to bo at rest. Wo sliall further, 
as before, take it to coincide with a fundamental poi’ticlo. To avoid 
confusion with the exponential base c, wo shall write H-e for tlio charge 
on a proton, —e for the charge on an oloctron. Wo sliall then change 
the sign of rr, and instead of writing x for avo shall write 


^ — H- 

mcr r 


( 1 ) 


The integrals of energy and angular momentum may iioav bo written, 
from (20) and (27) of Chapter XV, 


(1 




mrHOId 




( 2 ) 


(3) 


(l-v*7c«)‘ 

The difToronlial equation of the orbit, oljtainorl by oliminatiiig d-r 
botwoon tliioso, takes tlio form, by (28) of Clmptor XV, 
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236. When r > g^, ^ rediioes to 


iwv*-l « w, 
r 


(3) reduces to 


mr® 


cJt 


= ir. 


21 « 

( 2 ') 

(S') 


to he n tvii u hydrogen afcomio orbits follows on taking JJ 

» o«anf7 It is outside our task in this book to develop 

t'herefnm ^ atom from first principles, and we shall 

therefore take over the quantization of E, 






The^oiT^^* should be noticed that in this formula is a constant. 

anffuJ fonaula in ^-measure is obtained by equating the 

^ multiple of The present \ is 

nftw.. V ^ Chapter VIU, whose value is proportional to the 
aormalization constant («. 

-structure constant. The differential equation of the 
^ 1 (^) above, may now be written 


»»+ 


(dxY r/, Jf\s la® 

(s) “l(*+s;i)'‘-ns’ <“• 


where 


mc‘ 

W 

AqC 


(7) 


number a ie the ‘fine-stmoture conatrant^ and according 
o dington takes the value 1/137. That a is a pure number in 
^to of the secular dependence of \ on follows from equation (9), 
aptcr XIV, according to which the product of two ohargea 
in. partioular the square €*, varies secularly proportionally to The 
ratio is thus independent of <qj os well as of i. 

^38. Circular orbits. The apses of the orbits whose differential 
equation is (6) are given by putting dxfdS r= 0. The ooireapouding 
values of a; ate therefore roots of the equation 

f(x) ^ [14. = 0. (8) 

\ mcr} a® 

B^or a circular orbit, two adjacent apses must coincide, and 
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therefore the radii of the possible oironlar orbits are also the roots of the 
equation / TF\2 


Equations (8) and ( 9 ) form a simultaneous pair for the two unknowns 
X (giving the radius of a. ciroular orbit) and W, the corresponding 
constant which occurs in the 'energy-integi-al*. Eliminating IF 
between (8) and ( 9 ), we get 


n 


= 0 . 


( 10 ) 


When z has been found as a solution of (10), the corresponding value 
of W is given by 


1+— a = 

jnc® a* * ' \1—W 

Tlio energy T-F' itself is given, by ( 18 ) Chapter XV, by 


( 11 ) 


( 12 ) 


239 . Location of roots giving apses. Consider now the roots of 
(10). Tho location of the roots is governed by the oiroumstanoo that 
a, the fine-structure constant, is small compared witli unity. It 
folloAvs that tho roots of 

.i;—4a:* = 

are close to the roots of 

= 0 , 

namely a: = 0 and a; = 2. 

Thoi'o are in fact just two roots of (10). 


240 . Circular orbits of the hydrogen atom. 'Pho root near x — 0 
is found to have tho expansion 


«* r, 1 a* , l , 1 

X ^ 11--L... 

??*[ 2 71*^2 71 '* 

Tho loading term gives tho corresponding .series of radii 


(J 3 ) 


77tC® X 7/lC* a* 4jr*7?l£*’ 


(14) 
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"svhioh for n integral are the Bohr oiroular orbifcs of hydrogen. We 
note that the meoBure of r is proportional to 
The oorroaponding value of W is given by 

<ind the actual energy W by (12) is given by 
IF' = tnc*(—Ja;— 1 **+...) 




The leading term gives 




ri' 


27tVw 


( 16 ) 


"whioh is just the Bohr energy for the Ti-quantum state. Thus the 
ohoular orbits x = oon’espond to the Bolir circular orbits of 
the hydrogen atom. 


241 . Root near x = 2. Put x = 2—8. Then the equation for S is 

of which the root near 8 = 0 is 


71^ L ^ 2 J 

The corresponding radius is 


6 ^ 1 ^1 
Tnc^ 2—8 2?nc* 




Since is very small, the radii for different values of -Ji are very 
close togethei', and crowd round the value 


IjL 

2 me®’ 


This r is again proportional to 


242 . The neutron. This system, of an electron in very close 
proximity to a proton, and moving with a speed close to cj, in one 
or other of a set of circular orbits of only slightly different radii, 
may be provisionally identified with the uexUvou^ For at distances 
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comparable with the radius of the normal atom, it will appear os if 
eleotroafcatioally neutral. Its radius has the numerical value 

l' 4 x 10-*^ cm. 

The value of the constant W for this combination is found to be 




IF «ic® 

and is positive. The value of the energy IK' is found to be 

T-F' 

and is negative, The various excited states of this combination, 
though of approximately the same radius, have very different bind¬ 
ing energies. It must be remembered tliat though not in general 
the energy, is a constant of the motion, whilst W\ the energy, is 
not a constant of the motion save for circular orbits, for which x and 
r remain constant. 

The differential equation of the orbits, namely (0), can bo written 
in fcho form , 

/ WV 

where yix) = IH- -] c-®- 

\ mc^f a* 

The integrated orbits are therefore 


0-|-oon3t, = — 

a J 2/* 


243 . Instability of the neutron. The configurations of those orbits, 
as is well Imown, depend on the distribution of zeros of y{x), which 
depend in a somewhat complicated way on the values of IK and nja. 
Graphs showing the looation of those zeros have been published in 
Phil. Mag., Ser, 7 , vol. 34 , p. 261 , 1943 . It is there shown that for 




the loci y = y{x) have two zeros separated by the repeated zero 
corresponding to tho Bolir circular orbits of Jiydrogen, togotlior witJi 
a third zero for whioli x > 2, In between tho lii*8t two zeros, y(x) is 
])oaibivo, whence it can be shown that the Bohr circular orbits of 
tho hydrogen atom are stable, the zeros separated by tho repeated 
zero giving tho apses of tho non-circular orbits. Between tho second 
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and third zeros, y{x) is negative, and no closed orbits exist. As W 
increases, the fii’st orbits which appoai' are the circular orbits corre¬ 
sponding to the repeated root x ~ 2, for which 


mo 


-1+2-c-i. 

Oi 


J?or W still greater, y{x) is positive for all Xy and the orbits pass from 
infinity to the miolens, spending, however, for W just larger than 
the last-mentioned value, a very large amount of their time in the 
neighbourhood of a; ~ 2, which thus acts as a sort of potential barrier. 
It follows that the circular orbits near *r ^ 2 are unstable to inoreasos 
of W. Hence, on tlie present analysis, in which we identify the circular 
orbits X with the neutron (regarded as a close combination of 
a proton and an electron), the neutron is essentially unstable, though 
it may liave a transient existence for an appreciable time. A neutron 
may dooompoao into a fi’eo proton and free eleotiun, or give rise to 
the mutual annihilation of the constituent proton and electron, 
doponding on the sense of direction of the elootron^s orbit, whether 
to or away from tlio nucleus. Along such paths, although the constant 
of integi’ation W (which coincides very nearly ^vitli the actual energy 
W) I'omains constant, tlio actual energy W\ os oaloulatod on the 
prosont theory, varies. Energy is thus not oonseived. As the orbital 
oleotron passes outwards from the vicinity of the neutron circular 
orbits to freedom, IK' passes from a large negative value to the 
positive value oojToaponding to the kinetic energy of tlie freed 
electron, and energy is created. If, on the other hand, tlie orbital 
oleotron. passes inwards to tlie nucleus, moving theoretically fi’om 
IrcGclom at infinity and spiralling many times round the niiolous in 
the noiglibourlmod of x ^ 2, positive kinetic energy is transformed 
into negative binding energy, and ultimately disappeai's. It vnll of 
course bo ultimately replaced by the energy value of the masses 
diaapjiearing, which sliould reappear as radiation. 


244 . Possibility of Indefinite generation of energy. Further 
details will be found in the paper in tlie Phil Mag. previously cited. 
Hero it is suIRciont to emphasize that wlion the energy W' is not a 
constant of the motion, and so energy is not conserved, it is desirable 
nob to be entrapped by conventional phraseology, and to abstain 
from asking, Where does the energy go to or come fr-om ? In the deep 
interiors of stars, whore owing to tlie high central densities electrons 
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may have a ohanoe of fincliug tliemeelves in such, oloae vicinity to 
protons that they will form neutrons, the neutrons formed may be 
regarded, by theii' deoompOBition again into free protons and fine 
oleotrona, ae generators of energy. They would oonstitute, moreover, 
an inexlaauabible aouroe of energy, for the liberated electron and 
proton ooiild under favonrahle oiroiimstances re-form a neutron, and 
the oyole would recommence. It is to be remembered that this 
phenomenon of energy-generation, on the present theory, only sets 
in when electron and proton are brought within a distance 
of one another, 

245 , Discussion. In this chapter the oleotro-magnetic theory which 
we have developed on the basis of kinematic relativity has been 
pushed to its logical extremes, and perhaps farther than is justified. 
Much more oonsideration of its fundamentals is evidently desirable. 
Nevertheless it is extremely suggestive and promising that the modi- 
lioationB introduced into olassioal theory by our 1*0vised dynamics 
and eleobrodynamios all centre round effects predominant at separa- 
tion-distaneos This length is not an arbitrary assumption of 

the theory, as it is in aomo other current modifications of olootro- 
mognobio theory. On tho contrary it is a length forced on our 
attention by tlio theory itself. Tho usual intogi'als of energy and 
angular momentum have appeared in a form which shows that energy 
and angular momentum are strictly oonsorvod only when tho separa¬ 
tion diatano© of a proton and electron is largo compared with this 
length os originally forecast by Bohr. But tho omorgonoo of 

this length has nobliing to do, in our theory, with the supposed 
volume-occupation of a charge in some versions of tho theory of 
eloctrone. On our theory, charges mmain throughout as strictly 
poinb-Bingularitioa, and not as tlio limits of small volumo-distribu- 
tioiis. They attract and repel one another, at all distances, with 
strictly Coulomb in verse-square forces when at i*ost. Those forces 
are modified by relativity factors for charges in motion, and tlioso 
cause a change in tlie dynamics. Tho possibility of a second set of 
circular orbits for tlio electron in interaction with a proton was an 
entirely unsought consoquonce of tho general theory, and it is di/Iioult 
to resist a provisional identification of siicli configurations with the 
neutron, whoso exact status in contemporary physics is still very 
doubtful. 
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246 , Survey of the theory. In tliis oouoluding ohapter I propose to 
taJce a gonoral view of the results of applying the methods developed 
in this book. These methods are described by the general title of 
‘IClnematio Relativity* because they are hosed essentially on the 
idoa of relative motion and booouse they do not pi'esuppoao the 
existence of any particular system of dynamics. If the reader has 
hod the patience to follow the various detailed mvestigations given 
ill tlie foregoing, he may still have lost sight of the broad sweep of 
ideas of wHoh they are the offspring. Let us tliereforo stand at somo 
diatanoe from the detailed i^osults and survey the achievements of 
the theory. 

247 . Expansion of the universe. The theory originated in an 
attempt to give a rational account of the plionomenon of tho expon^ 
sion of the universe. Putting every nucleus of an oxtiu-galactio 
nebula on the some footing, it shows that radially outward recession 
is the inevitable behaviour of a system of nebulae, This aspect of 
Itinomatio relativity was more particularly the theme of the volume 
to which the present work is a sequel. Hero it is sufficient to recall 
that 'space* is not a physical attribute of the universe, bub is a mode 
of description of phenomena which is at the disposal of the observer; 
and when, for purposes of simplicity, an observer has adopted a 
private infinite Euclidean space with which to describe the totality 
of things, he is bound to oonoludo that a collection of nobuloo will 
ultimately suffer dispersion, and so mutual recession. When ho im^ 
poses the further condition that no member of the collection is to 
be in a favoured situation, ho will conoludo further that the popular 
tion of the system must be infinite, but (in his private Euolideau 
space) must appear to occupy a finite volume. And siuoo the ex¬ 
perienced density must bo everywhere finite, the boimdary of the 
apparent volume oooupiod by tho universe must bo tho loous of 
limiting points at wliioh the density Unis to infinity. Tliore is no 
actual paradox involved. Towards the boundary of tlio system tho 
speed of recession must tend to the velocity of light, and the Lorentz 
oontraotion resulting means that there is room for the infinity of 
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members. The singularity at the boundary is in fact the consequence 
of tho iuitiaJ singularity which started the system into existence. 
For it is an essential feature of the theory that every equation in it 
makes explicit reference, by mention of the age t reckoned from the 
natural origin of time, to the creation of the system in time. The 
natural zero of time Is in fact the epoch of this creation. Eveiy 
assertion about tiie contents of the system involves tlio mention of 
this ago ty and so takes note of the oiroumstanco that the system was 
once created. This is the first definite point of departure from con¬ 
temporary pliysios and from Einstein theory of relativity. Contem¬ 
porary physics takes the universe as given, and however for it traces 
backwards the past liistory of the imivorso, it has always a still 
infinite tract of time behind that, at its disposal. Contemporary 
physics is of ooui'se accustomed to assign a period of two to three 
thousand million years as the age of the imiverse, but the mom 
assigning of this period is a self-stultifying action unless it really 
means that time, as wo understand it, ivaa not, before then, Thus 
contemporary physios suffers from an inlieront internal contradiction 
in using simultaneously a time variable capable of infinite negative 
values and a definite value of that time variable as being the opocli 
of the beginning of things. 

248 , Creation of the universe as a point-singularity. If tlio 
univorso was creatod, so that time only runs from the opocli of 
creation, then it is difficult not to oonoludo also that the univorso 
was oreatod aa a point-singularity. If it were to bo aiipposod creatod 
'all at once" as occupying a finite volnmo, then tliis would moan that 
a moaning could be attached to saying that events at two points 
spatially separated could be absolutely simultaneous. 'J'his is contra¬ 
dicted by Einstoin’s mlativity. The origination of tho imivoi*HO at 
a point-singularity has boon developed indopondontly by Lomattre, 
who calls the point-singularity a 'super-atom*. It is, however, un¬ 
desirable to attempt to describe tho state of things at t ~ 0, fur suoli 
a state of things must necessarily transcend ordinary ox])erience; wo 
can only hope to dosoribo tho state of things after i ” 0. 

249 . The substratum. These properties of the expanding univorso 
am given tlioir simplest expression in tho model wo have called tho 
'substratum*. In this model the nuclei of the extra-galactic nebulae 
ai-o represented by a cloud of particles, called ‘fundamental particles*, 
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mutually separating, and the soale of time is chosen bo that the 
relative velocities are uniform. The fundamental particles then pro¬ 
vide a natural set of frames of reference^ wMoh are equivalent to one 
another. Each fundamental particle is the centre of fiynmietry of all 
the remainder, in its own frame of reference. The observer associated 
with each fundamental particle can describe the whole system in 
terms of his private Euclidean space. Li this private Euclidean space 
the system occupies the interior of an expanding sphere, whose 
surface moves radially outwards with the speed of light. Inside this 
sphere, each fundamental particle has a velocity proportional to its 
distance from the centre, and the density of particles is locally 
homogeneous near the centre but inoreasea steadily outwards. At 
each locality in the system, the density steadily decreases in time, 
owing to the expansion. 

250. Motion of a free test -particle. The question then arose aa to 
the motion of an arbitrary free test-partiole in the presence of the 
substratum. This is not a problem peculiar to Kinematic Relativity; 
it aiises in any scheme of physics. In the Newtonian soJieme it is 
solved by positing the axiom that the motion of a free particle is 
one of uniform velocity; but the Newtonian scheme does not identify 
the fi'amea of referonoo in which tliis uniform velocity subsists; it 
simply calls such frames 'inertial frames’. In the EiuBtoinian scheme, 
a free test-particle describes a geodesic in space^time, but the scale 
of time is not identified. In kinematic relativity, the frames of 
reference to which motions are referred are given by the funda¬ 
mental particles and the soale of time is chosen to be such that these 
are in uniform relative motion. The equation of motion of a free 
test-partiole in the substratum is found in the fii’st instance to within 
an arbitrary scalar function. The arbitrariness of this scalar function 
corresponds to the fact that the same equation of motion holds good 
in the presence of certain generalizations of the substratum, here 
called statistical systems, and it is neooBsaiy to discover arguments 
wMoh eliminate these generalizations or rather reduce them to the 
particular non-statistical, hydrodynamical system whioh is the sub¬ 
stratum. These arguments reduce the arbitrary function {?(f) 
originally entering into the acoeleration-fonnula for a free particle 
to a definite constant, namely G{^) ^ — 1, and so make the accelera¬ 
tion-formula determinate. 
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26L Identification of the time-scale. But the aooelerabion- 
formula ao found is nou-Newtonion in form. It follows that the scale 
of time employed in its derivation is not the Newtonian scale. But 
it heoomes locally Newtonian for small velocities on taking os new 
time-variable the logarithm of the former time-variable multiplied 
by Cb normalization constant Iq equal to the present age of the univei’se 
on the ^aoale. The time-variable here refeiTOd to is the actual clock- 
reading of the olook supposed earned by a fimdamental observer, 
which must be distinguished from the time-coordinato of a distant 
event. The clocks of the fundamental observei’s must thus bo all 
regraduated. 

252, The two scales of time. Since in ICinematio Relativity 
length-measures are made to depend on time-measures, the regimlua- 
tian of clocks afifeots all length-measures and so all space-coord mates 
os woll as time-coordinates. It also affects all velocities, ohauging 
all velocities into volooities relative to the fundamental particles with 
which the particles concerned momentarily coincide. This of ooni’se 
reduoas the fundamental particles themselves to relative rest, and 
the substratum becomes i^elatively stationary. The new scale is called 
the r-scale. 

253. Much inisuiiderstanding hoe been caused to critics of the theory 
by the ooourronce of these two scales of time. It has been overlooked 
that they constitute two distinct languages, and the statement of 
any iDioperby of the system can be made in either language. The 
epooh of oimtion, / = 0, becomes on the r-soale t = —oo. It thus 
appears that the paradox into which contemporary physios is led in 
disouasing the age of the universe, to which allusion lias been made 
above, is due to the confusion of the two scales of time. Until wo 
know which scale of time is being used in any given context, it is 
impossible to give an unambiguous meaning to any assertion involv¬ 
ing time. Statements involving Newtonian mechanics, or Newtonian 
gravitation, are usually made in terms of the r-scale. Statements 
involving the Lorontz-formulae, photons, or the electro-magnetic 
theory of Maxwell involve the i-scale. It should be i*omombGrod that 
there are different r-soales con^ponding to different values of the 
normalization-constant Iq] the i-scale is the absolute scale, os in it 
the acceleration formula involves no constant but c; the acceleration 
formula in T“meaflure,^in its exact form, involves mention in addition 
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of the ^Qonstant* Iq, the choice of which is arbitrary) hut whose 
phyaioal meaning is the age of the universe at wliich the graduations 
of the two scales are made to coincide. 

254, Coincidence at a point. The Mvolous objection haa been 
made to the idea of regi'aduation that it would bo possible to re- 
graduate the cloclca of two apptvaching observers so as to make them 
appear as relatively stationary, and that thereby the fact of ultimate 
collision would bo ignored. But it no more means that the fact of 
ultimate collision is denied than in the paradox of Aolnlles and the 
tortoise the ultimate overtaldng is denied. It simply means that the 
language to which this particular regraduation would lead would be 
unsuitable for describing the ultimate ooUision. Actually the possi¬ 
bility of oollision of two equivalent particles ifl fuUy taken into 
account in the theory of regraduation. For regraduation is actually 
applied only to the members of what is technically called ‘an equiva¬ 
lence’, and it is shown in the theory of equivalences that if ever two 
members of an equivalence coincide, then at the same instant all 
coincide, and the phenomenon would be called the ‘end of the world\ 
Bub the substratum in i-measme is essentially an expanding system, 
and no such paradox is encountered by the i^egraduation from ito r. 
So long as we restrict ourselves to dynamical phenomena, there 
appeal's to be an unending rosexvoir of past time available, but in 
phenomena customarily described on the i-soale only an amount of 
time up to a certain value of i will be available. 

255• The Lorentz formulae. The I'eason for deriving the Lorentz 
formulae in terms of clook-measures only has also been mucli mis- 
luideratood. It would have been possible to construct the same 
theory, so far as it is confined to ^measure, by plmiging in medias res 
and assuming the Lorentz formulae outright. But then we should 
have arrived at de8crij)tionB of phenomena which would not have 
coincided with the descriptions customary in physios—for example 
in the description of the acceleration of a free particle. It would 
then have been necessary to reinvestigate the basis of the Lorentz 
foiTnuloe. We should thus have been compelled to go back in the 
end to our present starting-point, and we should have found that 
the Lorentz formulae could be derived on a time basis only, 

256. Certain logical possibUltles excluded. The present theory 
has also been oiiticized as excluding the possibility of the universe 

35V5.63 Q 
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oooupying a cloaod spherical space. The logical possibility of using 
a closed space of positive curvature is not denied, any more than 
the logical possibility of describing a four-dimensional cube. But 
we are not oonoomed in this book with the whole arena of logical 
possibilities, It is logically possible that when a light-signal is 
dispatched and intercepted by a distant particle, tlie reflected signal 
may i^tui'ii at two or more different times, instead of there being 
a unique reflected signal. But it would be a needless searcliing for 
oomphoations to introduce such a possibility at the outset. Once wo 
have embarked on our investigation of the Lorontz formulae, we find 
no tm*ning“pointa wheie a bifurcation of progress is possible, just as 
if we begin \vith the eimple assumption that space is three-dimen¬ 
sional, wo do not encounter a four-dimensional cube. It is always 
poasiblo for an observer to adopt for the description of liis own 
observations a private Euclidean space, and when ho and all equiva¬ 
lent observoi^ do so, they find, as the most convenient public space 
for the description of the substratum, a hyperbolic space iiiT-moasuro, 
of curvature 

257. Philosophy of perception put Into practice. The derivation 
of the Lorontz formulae on a time-basis iuvolvos just tlioso iDcrcop- 
tions of elementary sense-data—elomentavy acts of seeing—wliioli 
the plulosopliei-fl arc always talking about. Tlio derivation amounts 
to philosophy put into in‘actico, Moreover, Loroutz-invariance and 
the demand for it plays so large a part in phy.sios tluib one would 
have expected the application of it to the grandest of all plionoinona, 
the phenomenon of tlio expanding universe itself, to bo welcomed 
by pliyeioiata as well as philosophers. It has iiulcod been oritici'zed 
mostly by thoso who appear to have a vested interest in tlio cumbrous 
machinery of ‘gonerar relativity. That the present niotliodn are 
simpler than those of ‘general’ relativity is tacitly admitted by 
thoso who insist tliab the present theory is a particular case of 
'generah relativity. But the univeme is a ])articular oaso; there is 
only one univorso; and it has certainly been worth while to explore 
the full consequences of the model called the Hul)Htvatiiin before 
losing oui’selvos in tlio onclless sands of‘gonoral’ relativity. 

258. The inverse square law of gravitation. The particulariza¬ 
tion of the funotion t?(^) in the acceleration formula to the value 
Q{^) = —1, coiTesponding to a pure substratum, Avaa acoompaniod 
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with the expi-eesiou of the inverse square law of gravitation in 
Lorentz invariant form, and the evaluation of the Newtonian constant 
of gravitation in terms of c, and the apparent mass of the 
univei'se, Jfg, in the form y^ = c\IMq. This is a constant on the 
r-aoale, but its value depends on the epoch at wliioli the transition 
to the T-Boale from the i-soale is made. On the f-aoale, is replaced 
by a variable y — cHjM^, so that fimdamentally tiie so-oallod 
‘constant’ of gravitation varies proportionally to the epoch. The 
oocui'rence of in the formula for y realizes Mach's expectation 
that gi’avitation is a consequence of the total amoimt of matter in 
the univei'se. Tho fox'inula is best used numerioally by letting it 
determine a value for if,; taking y, = 6'6x 10-* om.® seo.~® gram~^, 
® “= 3 X10’^® cm. see., 1, = 2x 10 ® yeam = 0'3 x 10 “ boo., we have 

^ 3 / 

— —- = 2*0 X10” grams, 

yo 

which is comparable with tlie value assigned to the mass of the whole 
univei’se on the theory of the Einstein spherical universe. It must 
be remembered, however, that in the present theory the mass of the 
whole universe is infinite; Mq is the apparoit mass obtoinod by filling 
tho apparent volume with a density equal to the density near the 
observer, this mass being a constant indeiiendont of the epoch at 
wliioli the observer evaluates the density. (At a later epooh, for 
example, though the density will be smaller, the volume will be 
larger in tlie same proportion.) Tlie above value of coireaponds 
to a present mean value of the density near ourselves of 
gram om.-^ 

259. Limitation of present theory of gravitation. The analysis 
which led to the connexion between (9(f) and ^(0 itself throw up 
a form of tho inverse square law of gravitation in Lorentz-invariant 
form for transforjnations from any one fundamental observer to any 
other. The possibility of this invariance of a gravitational potential 
ia intimately conuected with the occurrence of a ‘constant^ of gi’avita¬ 
tion y proportional to tho epoch t on the /-scale. Lorentz-invarianoe 
of tho gravitational potential under transformations from one funda¬ 
mental observer to another is thus a property holding good in 
i-measure; tliis accounts for previous failiii'es to express the inverse 
square law in Lorentz-invariant form, for such an expression is not 
possible until the two scales of time oi’e isolated. The invariant 
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expresBion for tho attraction between two partioloa reduces to an 
exact invei’se aquoi’e law when the obeeiwer is chosen to bo at the 
attracting particle. This suggests that the present formulation of 
the theory of local gravitation applies only when tho attracting 
parbiole is a fundamental particle, i.e. a particle at local oosmioal 
rest. It should therefore give the orbits round a nebular nuoleus, and 
throw light on the spiral structure, but it will not necessarily give 
in all detail the orbits round a non-fimdamental particle, say the 
orbits of planets round a sun which is not at local oosmical rest. 

260» Energy as an Invariant. A feature of the i-dynamios is that 
in it energy is an invariant, talcing the same numerical value for all 
fundamental observers; energy is ml the fourth or time-ooinpononb 
of a ^'Vector. Moreover, the energy of a free particle remains constant 
along its trajectory, in the ^dynamics. This energy reduces to 
Einatoiu’fl expression for energy for a particle i)assing close to a 
fundamental particle, whether the observer is at that fuiidamental 
particle or not, Thus the swiftly moeding distant nebular nuclei are 
not to bo thought of os rosorvoim of a largo amount of kinetic energy; 
every fundamental j^artiolo or idealized nebular nucloiia lias tho 
same energy. Einstein’s I’olation between mass and energy holds 
good exactly in tho ^dynamics. There is thus place for a world- 
^vido theorem of conservation of energy, and of mass, Tliia is not so 
in Einstein’s si>Goial relativity mechanics, where tho energy doponds 
on tho velocity and so varies with tho frame of roforonco einployod. 

261. Non-reversibility of motion in ^dynamics, Tlic equation 
of motion of a free particle iu tlio /-dynamics is not unaltorod in form 
when the sign of dl is changed. Tho path of a i^artiolo dotorininod 
on this dynamics is thus not ravei'siblo. This is obvious pliysically; 
for tho motion of a particle will only bo rovoraod if tho motion of 
evenj particle in tho universe is reversed at the same time. This 
would moan reversing tho expansion into a cfuitracbion. In tlio 
T-dyuamics, on tlio other hand, tho fiindamontal particles arc rela¬ 
tively stabioiiary, and .so reversing tho motion of a iVoo [larticlo 
requires no furtlicr rovoi^aals of motion to give a retraced trajectory. 
This accounts at onco for tho roversibility of tho motion of a jiarticlo 
on No\Honian mechanios. It is an additional reason for identifying 
the time-variable in Newtonian mechanics with the time-variable (r) 
ill which tho aubstrabum ia relatively stationary. 
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262. Absolute simultaneity. In the relatively stationary Buh- 
stratum there is an absolute simultaneity, so that events with the 
same value of t to any one fundamental observer have the eame 
value of r for any other fundamental observer* This is an immediate 
oonsequence of the absence of relative motion. But it must be 
remembered that the frames of reference for wMoh this is true are 
the frames associated with the nebular nuclei, or the points of local 
oosmioal I’est. It is thus possible to pick out at each looalifcy a fi‘ame 
Huoh that in the univeme of these frames Newtonian time holds sway. 
We solve the question of the existence of ‘inertial ft’amos’ and of 
the existence of Newtonian time by one and the same procedure, 
by the selection of frames at local oosmioal rest. 


263, Spiral character of the galaxies. Though the theory of 
gravitation we have been led to does not deal in a refined way with 
tile details of planetoiy orbits, as at present developed, it does open 
the way to an understanding of the spiral natui’o of the galaxies. 
By investigating the oonsequencea of E. W. Brownes hypothesis that 
spiral arms are envelopes of orbits, we wem led to the view that spiral 
ainns must be the present positions of particles (stars) whose orbits 
cannot have had an envelope. Using the kinematic theory of gravita¬ 
tion, WQ fomid that the only circumstances in which an envelope was 
avoided were those in which all tlie particles had boon emitted from 
a fixed point at various epochs We found that whilst the 

orbil of a particle omitted fr'om (r,^) at epoch fr took the form 


S = ^4* 



r 



I 


yx bemg the value of the constant of gravitation at epooh fr and M 
the nuclear mass, the spiral arm at any epooh t took the form 





The pi'escni position (^o>^o) particle emitted at time 

accordingly 




^0 = ^ir» 


is 


and the present position of the spiral arm is 
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the two being I’eoonoilablo in virtue of the relations 


Yi = 


_^^^0 


m;’ ^“‘“ 1 ^' ri 

It wiU be seen that the seoulaa* variatibn of y with t plays an essential 
part in this desoripbion of the relation of the orbits to the spiral arm. 


264. Reversal of sense of winding of a spiral arm. The spiral 
arm liaa a number v of convolutions in the orbital direotion, given at 
e'pocli i by 

V = 



followed by an equal number of convolutions in the opposite sense. 
This number of convolutions may be witten in tlie form 


_ density of nucleus at time _U 

moan density of universe at time t, near oui^elves/ ^ 

and gives v of the observed order of magnitude, in general The 
turning-point in the spiral arm is reached the more suddenly tlie 
larger is and matter outside the turning-point should have been 
emitted at times earlier than 6"% = 0*6134^q, matter belonging 
to the portion of an arm inside the turning'poinb sliould have been 
omitted at times la-tor than 0*6134^o. 

Observational evidence lias boon iiidopondoiibly brought forwai'd 
by Lindblad that some spiral nebulae do in fact sliow such a rovoi-sal 
of the seuso of winding of the spiral arms. Ho has found that certain 
long-exposure pliotoginphs of certain spirals show a sense of winding 
of the outer faint anna opposite in sense to the brighter inner arms 
shown up in short-exposure photographs. It is not necessary, how¬ 
ever, for every nebula to exhibit both sets of convolutions; tliis 
depends on the evolutionary liistory of the nebula. 



265. Significance of ^-measure. The equations to the orbits and 
spiral arm given above ai*e expressed in ^measure. TJiia of coui'so 
is the more fundamental measmxj, as it docs not involve mention 
of the constant ^Q. It is worthy of notice that tlie equation to the 
spiral arm at time L contains no mention of It ro|)reBonts there¬ 
fore a pei'manent equation for a nebular arm. It is most satisfactory 
that not only does t)io expansion of the universe, the recession of 
the nebulae, receive its simplest explanation in ^measiuvo, but also 
the explanation of the spiral arms requires /-inoasiiro. Nature, as it 
wore, knows only ^-measure in those cosmological questions. 
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266. The photon. A further oosmologioal phenomenon reooivGs ite 
explanation in the present monogi’aph—namely Hubble’s apparent 
paradox that in spite of the rod-shift, the dosoription of tlie universe 
aa not expanding is more acceptable than the description of it as 
expanding. The explanation is that Hubble has mistakenly ooiTootod 
his observed luminosities for what he calls the ‘energy-effect’, as 
well as for the ‘motion-efleot’ properly duo to the rooeasion. On the 
formulation of dynamics in the present volume, the energy of a free 
particle, in particular of a light-partiolo or photon, 1 ‘emalna constant 
in its transit through any portion of the universe. Altliougli the 
photon suffers a red-sliift, it suffem no loss of energy; this Is reoon- 
oilable with the quantum relation E — lin only on the view that h 
changes secularly with a result which is also required on the present 
dynamics by the fact that angular momentum incroasos secularly 
with, t, and li is a measure of angular momentum. Thus luminosities 
of nebulae require coiTeotion by only one factor, the ‘number-factor’ 
due to the recession. Hubble found that when he used only one 
coiTecting factor ho had a much more likely picture of the distribu¬ 
tion of the galaxies in space than when lie used two; wlion lie used 
two factors lie obtained an improbably small univorso with an im¬ 
probably short time-scale. Tlie single factor that ho usod, which ho 
mistakenly called the ‘energy-factor’, was really the mimerioally equal 
‘rocession-factor’, which is required fundamentally if blie univoi*se is 
ox|3anding in ^meawuro; in ^moas^^e, no energy-factor should bo 
L'oqiiii'ed. 

Tims wo luive connected in one body of theory the observed 
recession, the observed spiral form, and tlie observed distribution of 
nebulae in doi)th. It has boon empliasized by Vogt that those oos- 
mological problems ought to bo iatorconneotod. We did nob sot out 
to seek explanations of observed cosmological phenomena. Tlioy 
havG ai'isen in an unforced way, as a oonsequonco of laying a firm 
kinematical foundation. 

267. Cosmic rays. In World-Sinicture (the volume to whioli the 
present volumo is a sequel) I attributed the oorpiisoular component 
of oosmio rays to i^artioles, either neutral or charged, whioh had been 
accelerated u]3 to nearly the speed of light by the gravitational fields 
oxiating in the vast inter-nebular spaces. I see no reason to alter 
tins view. But there remains the undiilatory component of oosmio 
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rays. Blooketb has pointed out, in verbal discussion of the problem 
of the origin of this undulatory component, that on existing physios 
a serious difficulty is offered by the red-shift itself: if the undulatory 
components originate in some process oocumng in very distant 
galaxies, the photons concerned should be subject to a largo red- 
shift, which -would, according to contemporary physics, reduce their 
energies by large factors, and leave the largo energies with which 
they appear to anive quite unexplained. What is needed, to explain 
the energy of tlie undulatory component, Blackett has stated, is a 
‘blue-shift’! That is, one needs an effect to counteract the decrease 
of energy supposed to be associated with the red-sliift. Now the 
present studies have not isolated any ‘blue-shift’; bub they have 
isolated an effect which counteracts the supposed loss of energy 
associated with the rod-shift. For, aocorduig to the results of Chapter 
Vni above, the photon always conserves its energy, in spite of the 
red-shift: the Doppler effects do not imply any corresponding reduc¬ 
tion of energy. Consequently, photons omitted when the world was 
young, wliioh would in consequence have small wave-lengths, largo 
frequencies, and so largo energies, would retain those energies in 
their transit through the univoi'so before being absorbed by the 
apparatus of some cosmic-ray observer. The present theoi'y thus 
goes half-way towards removing Blackett’s difficulty; it destroys the 
consequences in onoigotics of tho all-pervading rod-shift. Tlio idea 
clearly needs much more thought, but it would not bo permissible 
here to pass it over in silence. 

268. General aspects. But over and above these particular facts 
concerning galaxies, tho present tlicory gives an insight into general 
physical and dynamical relationships in tho uni verso at largo. It 
explains why tho laws of dynamics como to bo what they are. It ex¬ 
plains why tho laws of gi'avitation como to be what they arc. It 
distinguishes between ephomoral relationships, discovered and ex¬ 
pressed in terms of the ephomoral (t, scale of time, and moTO 
fundamental relationships oxirressod in tho f-soalo of time. Those 
latter relationships, containing ns they do mention of the epooh I to 
which they i-efor, boar witnoB.s to tho creation of tho world in time, 
taluug due aocount of tho aotual origin of things. Tho world is thus 
no static meohanism, though certain phenomena can bo presented 
under such a dress; it is an evolving mechanism, dependent on its 
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own age, and containing, os I think it does, countless examples o£ its 
fundamental constituents, the galaxies, it provides infinite opportuni¬ 
ties for the play of evolution. As they appear to us, the over¬ 
whelming majority of these galaxies have only just been created; 
they are, in our present, early in time. Their creation is only just 
a thing of the past. For them the drama of evolution is only just 
begun. They present the spectacle of unnumboi'od experiments in 
evolution; and though each is destined to age, and possibly to come 
under the away of the second law of tlienuodynamioa, there is no 
sense in which the second law of thermodynamies applies to the 
imivei'se os a whole. 

The present essay is expressed in terms of leverent optimism. It 
lias nowhere mentioned God. The Fimb Cause of the univomo is loft 
for the reader to insert. But our picture is iiioomploto without Him. 
It requires a more powerful God to create an infinite nnlverse than 
a finite univei'so; ib requires a greater God to leave room for on 
infinity of opportunities for the play of evolution than to wind up 
a mechanism, once and for all. We resoue the idea of God from the 
littlenesses that a pessimistic science has in tl\o past placed upon Him, 
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